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Abstract; In this paper we consider that rings R are coherents and R is p-injective- We call such
rings to be right PC-rings- The structure of these rings is examined and if S is PC-ring if and only if
R is PC-ring, where S is an almost excsllent extension of R-
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§1. Introduction

We recall that a study of rings with R coherent and R coflat was make by Robert- I -
Damiano[2]. In the same paper he has provided a number of necessary and sufficient conditions
for R.

In this paper we consider rings with R coherent and R p-injective- We call such rings to
be right PC-rings- Some properties of such rings are given in section 2.

In section 3 we consider almost excellent extension of PC-rings- We proved that R is a
right PC-ring if and only if S is right PC-rings, where S is an excellent extension of R (for
example S = Mn(R) : the nX n. matrix ring or S= R * G, the corssed product where G is
a finite group such that o G)ile R).

In the final section we consider smash products- We show that if G is a finite group such
that o G)il € R- Then the smash product R 6 isa right PC-ring if and only if R is right
PC-ring-

Throughout the paper, all rings have a unity and all modules are unitary -
§2.  PC-rings

A right R-module M is called a coflat if for any finitely generalized right ideal I of R and
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any R-homomorphism f: [= M there exist an m € M such that f(x) = mx(x € I)- A ring
R is called a right FC-ring if R is right coherent and R is coflat- Examples of FC-rings are
given in [2].

Analogously s we give the following definition-

Definition 2.1 A ring R is called a right (left) PC-ring if R is right (left) coherent ring
and Rg (gR) is a p-injective module- A ring R is an PC-ring if it is both left and right
PC-ring-

It is clear that right (left) FC-rings are right (left) PC-rings- QF ring and FC-ring are
PC-ring-

If R is a ring and XSR, then we denote the left and right annihilators of X respectively
by

Ann,(X) = fa€ Rlax=0 VYx€ XJ.
Annl(X):{a6 Rlxa=0 VYx€ X/

Definition 2.2 Let.”” and .72 sets of left and right iedeals of R, respectively- We

call R has the Double annihilator property for .“and .Z4f
1€ 72 Ann, (1) € Pand AnmAnn, (1) = 1.
1€ %22 Ann(1) € #and AnnAnn (1) = 1.

Theorem 2.3 For a ring: the following statements are equivalent

(1) Ris PC ring-

(2) R is coherent and every right (left) flat module is right (left) p-injective-

(3) R is coherent and has the double annihinlator property for principal left and right ide-
al-

Proof (1)&(2) Clear-

(1)=(3) Let R be p-injective and «a € R, Ra™ AnmAnn, (a) and we have
xAnn,(a)=0for Y x€ AnnAnn,(a)-

Let f:aR™R:ar ™ xr-

Obviously f is a right R-homomorphism: then there is a element b € aR such that
sr=f(ar)=bar» x=ba< Ra- Thus AnniAnn,(a)= Ra-

Similarly, we have Ann,Ann;(a)= aR-

(3)=(1) Suppose f: aR™ R and AnmAnn,(a)= Ra- then we have 0= f(0)= f(ab)
=f(a)bfor b€ Ann,(a) and f(a)€ AnmAnn,(a)= Ra- So we have y in R such that
S(a)Tyaand f(ar)=f(a)r=(ya)r=y(ar)- Thus Rgis p-injective-

Example 2.4 Let R be an algebra over a field F with basis

{1, 60, e15 2,005 215 225 235 0o}
where for all i,
ciej = Oje;
eie; = Oty X
e X; = 0 X;
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X; X; = 0.
It is easy to see both that R is left coherent and that every R-homomorphism
f:rI7RrR
extends to one over R- Thus, R is left p-injective- However, R is not right p-injective since
the homomorphism
x1Re R, via X,
can not be extended over R-
Thus R is left PC-ring but not a right PC-ring-
Example 2.5 Let R be the ring with underying group
R=2D Q/z.
And with multiplication
(n1>q1)(n2sq2) = (ninzs nigzt n2qi)-
Then it is easy to see that R is a commucative coherent ring with Jacobson radical
J(R) =1(n-q) | n="0%1.
Then R is not Von Neumann reqular ring but R is PC ring-
Recall that the left (right) singular ideal of R is
Z(R) = 1x € R| Ann;(x) LkR!.
Z,(R)=1x € R| Ann,(2) & Rp!-
In general, there are not equal and are unrelated to J(R)-
Proposition 2.6 If R is an PC ring. then Z,(R)= Z/(R)= J(R)-
Proof Let z& Z,(R), forany a€ R and 6=1 az-
Let F:bR™R; via br—"R-
Obviously, F is a right R-homomorphism and R is PC ring: so there is a element y & R such
that F(br)=ybr(Y r€ R). Then we have 1= F(b)=yb=y (1~ az) and 1— az is quasi-
regrlar element - So z € Rand Z,(R)=J(R)-

Next suppose xS J(R)- We claim x € Z,(R- If not, then x € J— Z,(R) and there ex-
ist a right ideal I1(#0) such that Ann( x)@[ is essential in R- Let 075 € I and

F.xbR— . xbr—"br-
Obviously f is a right R-homomorphsim and R is PC ring, then we have a element y€ R such
that f(xbr)= yxbr for any r€ R. So b= f(xb)=yxb- As x € J. we have xb< Jand «xb is
a quasi-regular element- We claim x = yxb=0, a contradiction-

Theorem 2.7 If Ris PC ring with no nonzero nilpotent elements. then R is Von Nenm-
man reqular-

Proof Let x € R. then we chaim Rx () Ann; (xR)=0. For suppose rss =70 then
xrxxrx —0. So since R has no nonzero- Nilpotent elements, xrx =0. Likewise. rxrx =0 im-
plies rx=0. So Rx N Anni(xR)=0. R has the double annihilator property for principal left
and right ideals,

Ann,(Rx) t xR = R.



No-3 ZHAO Zhixin et al: PC-rings and Almost Excellent Extensions « 45 .

Let 1= n1 xs where n€ Ann,(Rx) and 07 s€ R. Then x = nx T xsx- But nxnxy =0 so
nx =0 and xsx = x -

Corollary 2.8 If nonsingular ring R is a commutative PC ring then R is Von Neumann
reqular-

Proposition 2,981 f nonsingular ring R is PC ring with the ascending chain conditon
for special right annihilators, then R is Von neumann reqgualr ring-

Proposition 2.10  If R is PC ring and nonsingular ring then there is a unique largest two
side ideal I that contains no  nonzero  niloptent  elements- Moreover
AnmAnn, (1)~ AnnAnn, (1)~ 1.

Proof Let I = 2 i€ Ali where 1 I17i€ Alis the family of all two side ideals of that con-
tains no nonzero nilpotent elements-

First we will show that Ann,Ann;(I) contains no nonzero nilpotent elements- So suppose
0% € Ann,Ann(I) such that x*=0.1f R,NI,=0forall i€ A. Then

LRx S Rx N 1;,=0, forany i € A and RX & r(1I)-
So
RxRx <= Ann; Ann,(I)Ann, (1) = 0.
And RxRx=0. By Proposition 2.6, so Rx =0 and x=0. Thus a contradiction-

Claim :there is a 10€ A such that Rx N ;70 and 07 o€ Rx N I;; then o*70. Suppose
b€ Ann ( a2)7 then aba € Ra and aba =0, (ba)2 =b(aba) =0, so ba=0. Thus
Ann;(a)=Ann( az)- By Theorem 2.3 we have

aR = Ann,Ann;/(a) = Ann,Ann( az) = &°R.
Then there is a element ¢ € R such that o° = a’¢ and (a— azca)2 =0, a— aca € Ra- so
a=aca- Let e = ca then ¢° = (ca)2 = c¢(aca) = ca © Ra™ Rx, then e = dx and
(xe)2: xdx’ dx =0, xe€ Ra- Thus xe=0, e=¢"= dve=0, a= aca= ae="0. a contradic-

tion-

§ 3.  Almost Execllent Extensions

Suppose that R is a subring of the ring S; P and S have the same identity - The ring S is
said to be an excellent extension of R if

(A) S is a free normalizing extension of R with a basis that includes 1: that is; there
exsits a finite set { a1, -, an}gs such that a—=1, S= a1 Rt -+F a,R and a;R= Ra; for all
i=1—n and S is free with asis { a1, a,l% as both a right and left R-module and

(B) S is R-projective; that is, if Nsis a submodule of Ms, then NH‘ Mg implies NS‘ M-

Excellent extensions were introduced by Passman [8] and named by Bonami [9]. Exam-
ple include finite matrix rings [8] and crossed prodcts R * G, where G is a finite group
of G)i1 € R[9]- Further examples are given in [8] and [10], some authers consider various

properties,which shared by R and S when S is an excellent: extension of | R -
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The ring S is said to almost excellent extension of R if the conditions (B) and (C) are
satisfied -

(C) S is afinite normalizing extension of R such that S is projective R-module and Sg is
flat -

Obviously excellent extension is an almost excellent extension-

A module M is p-injective if for any principal right ideal I of R, any R-homomorphism
g: I M- Can be extended to a p-homomorphism R M-

Lemma 3.1 Let S be alost excellent extension of R and Ms p-injective then My is a
p-injective-

Proof Suppose that U is a principal ideal of R and I = bR and R-homomorphism
f:I™ M- Let J=Iait+Ia,> then Jis a principal right ideal of S by J=bS- Let F': J7 M

such that F( Zin:lxi a;) = 2 f(x;)a;- Obviously, Fisa S-homomorphism. then it exists a
S-homomorphism G ;S Ms suth that G | /=F. Thus G | p: R= M is a extension of f-

Lemma 3-21") Let S be an almost excellent extension of R. then S right coherent if
and only if R is a right coherent -

Theorem 3.3 Let S be an almost excellent extension of R then R is right PC-ring if
and only if R is a right PC-ring-

Proof S is a right PC-ring if and only if S is a right coherent ring and S; p-injective if
and only if R is a right coherent ring and Sk p-injective by Lemma 3.1 and Lemma 3. 2. Obvi-
ously, Rp ‘ Shand Sp ‘ R} by S almost excellent extension of R, we see that Sgis p-injective
if and only if Rpis p-injective- Thus S is a right PC-ring if and only if R is a right PC-ring-

Remark 3.4 By analogy with the proof of Theorem we cah show that if S is an almost
excellent extension of R, then S is a right FC-ring if and only if R is a right FC-ring- Let S
be an almost excellent extension of R-

Corollary 3.5 Let S be an almost excellent extension of R the following statements are
equivalent

(1) Ris right PC-ring-

(2) The matrix ring Mn( R) is a right PC-ring-

(3) The crossed product R * G is a right PC-ring ( G finite group ang o( G)ile R).

§4. Smash Products

Let R be graded by a finite group G-The sash product R # G isafree right and left R-
module with basis %pa| a€ Gl and multiplication determined by
(rpa)(sps) = 50 po
where Sabil is the ab component of s-
Theorem 4.1 Let R be graded by a finite group G and o G)il € R. Then the smash
product, R ¥ G isa right, PC-ring if and only if R is right. PCrring.
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Proof The group G acts as automorphisms on R # G with g(rpa) = rpags so we may

form the skew group ring (R #G")* G- The duality Theorem for coactions[ 14 Theorem3. 5]
asserts that (R¥ G ) * G=Mn(R): the ring of nX n matrices over R: where n=0(G)-
Thus the result follows from Corollary 3.5.
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