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Abstract: For a ring endomorphism α, in this paper we introduce the notion of α-power-

serieswise nil-Armendariz rings, which are a generalization of α-power-serieswise Armendariz

rings. A number of properties of this generalization are established, and the extensions of α-

power-serieswise nil-Armendariz rings are investigated. Which generalizes the corresponding

results of nil-Armendariz rings and power-serieswise nil-Armendariz rings.
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§1. Introduction

Throughout this paper, all rings are associative rings with identity, unless specified other-
wise. For a ring R, we denote by nil(R) the set of all nilpotent elements of R. nil(R)[[x;α]]
denotes the set of the power series in R[[x;α]] with all coefficients are nilpotent elements.

Recall from [1] that a ring R is called nil-Armendariz if whenever any polynomials f(x) =
a0 + a1x + · · ·+ anxn, g(x) = b0 + b1x + · · ·+ bmxm ∈ R[x] satisfy f(x)g(x) ∈ nil(R)[x], then
aibj ∈ nil(R) for any i and j, where nil(R) denotes the set of nilpotent elements of R. In [2],
Hizem extended the study of nil-Armendariz property to power series rings, and introduced
power-serieswise nil-Armendariz rings. A ring R is called power-serieswise nil-Armendariz if

whenever power series f(x) =
∞∑

i=0

aix
i, g(x) =

∞∑
j=0

bjx
j ∈ R[[x]] satisfy f(x)g(x) ∈ nil(R)[[x]],

Received date: 2012-03-05

Foundation item: Supported by the NNSF of China(10901133); Supported by the Youth Foundation of

Hexi University(QN2012-14)

Biography: ZHANG Wan-ru(1980-), male, native of Jinchang, Gansu, a lecturer of Hexi University, engages

in rings theory.



384 CHINESE QUARTERLY JOURNAL OF MATHEMATICS Vol.28

then aibj ∈ nil(R) for any i and j. Some properties of power-serieswise nil-Armendariz rings
and related rings have been studied in [1-4].

For a ring R with a ring endomorphism α : R → R, the skew power series ring R[[x;α]]
over R is the ring obtained by giving the power series ring over R with the new multiplication
xr = α(r)x for all r ∈ R.

In this paper, we introduce α-power-serieswise nil-Armendariz rings for an endomorphism
α of a ring R. We do this by considering the nil-Armendariz property in the skew power series
ring R[[x;α]] instead of the ring R[[x]]. We will show that α-power-serieswise Armendariz rings
are α-power-serieswise nil-Armendariz. Examples are given to show that the converse is not
true. Thus α-power-serieswise nil-Armendariz rings are a common generalization of α-power-
serieswise Armendariz rings. It is shown that R is α-power-serieswise nil-Armendariz if and
only if nil(R) is an ideal of R and α satisfies the condition aα(b) ∈ nil(R) ⇐⇒ ab ∈ nil(R) for
any a, b ∈ R. This generalizes the result in [2, Theorem 1] for power-serieswise nil-Armendariz
rings. Moreover, we investigate the power-serieswise nil-Armendariz property of the polynomial
ring R[x] and power series ring R[[x]]. Several known results relating to nil-Armendariz rings
and power-serieswise nil-Armendariz rings can be obtained as corollaries of our results.

§2. Skew Power-serieswise nil-Armendariz Rings

Definition 2.1 Let α be an endomorphism of a ring R. R is called an α-power-serieswise

nil-Armendariz ring if whenever power series f(x) =
∞∑

i=0

aix
i, g(x) =

∞∑
j=0

bjx
j ∈ R[[x;α]] satisfy

f(x)g(x) ∈ nil(R)[[x;α]], then aibj ∈ nil(R) for any i and j.

Proposition 2.2 Let R be an α-power-serieswise nil-Armendariz ring. For a, b ∈ R, we
have the following

(1) If ab ∈ nil(R), then aαn(b), αn(a)b ∈ nil(R) for any positive integer n.

(2) If aαn(b) ∈ nil(R) for some positive integer n, then ab ∈ nil(R).

(3) If αn(a)b ∈ nil(R) for some positive integer n, then ab ∈ nil(R).

Proof (1) Suppose ab ∈ nil(R). It is enough to show that aα(b), α(a)b ∈ nil(R).
Let f(x) = α(a)x and g(x) = bx in R[[x;α]]. Then f(x)g(x) = α(a)α(b)x2 = α(ab)x2 ∈
nil(R)[[x;α]]. Since R is α-power-serieswise nil-Armendariz, thus α(a)b ∈ nil(R). Note that
ab ∈ nil(R), then ba ∈ nil(R). Hence α(b)a ∈ nil(R) by the proof above, and then aα(b) ∈
nil(R).

(2) Suppose aαn(b) ∈ nil(R) for some positive integer n. Let f(x) = axn and g(x) = bx in
R[[x;α]]. Then f(x)g(x) = aαn(b)xn+1 ∈ nil(R)[[x;α]]. Thus ab ∈ nil(R) since R is α-power-
serieswise nil-Armendariz.

(3) Suppose αn(a)b ∈ nil(R) for some positive integer n. Then bαn(a) ∈ nil(R). Thus
ba ∈ nil(R) by (2), this implies ab ∈ nil(R).
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Recall that a ring R is semicommutative if ab = 0 implies aRb = 0 for any a, b ∈ R.

Lemma 2.3 Let R be a ring. Then the following hold

(1) Every α-power-serieswise Armendariz ring is semicommutative.

(2) If R is an α-power-serieswise Armendariz ring, then α is injective and aα(b) = 0 ⇐⇒
ab = 0 for any a, b ∈ R.

(3) Let R be an α-power-serieswise Armendariz ring, a, b ∈ R. If ab ∈ nil(R), then aαn(b) ∈
nil(R) for any positive integer n.

(4) Let R be an α-power-serieswise Armendariz ring, a, b ∈ R. If aαn(b) ∈ nil(R) for some
positive integer n, then ab ∈ nil(R).

Proof (1) and (2) are the results in [5, Theorem 2.4] and [5, Lemma 2.2].

(3) Suppose ab ∈ nil(R). It is enough to show that aα(b) ∈ nil(R). Let (ab)k = 0, where k ∈
N. Then aα(b)α((ab)k−1) = aα(b(ab)k−1) = 0. Since R is α-power-serieswise Armendariz, thus
aα(b)(ab)k−1 = 0 by (2). Therefore, we have aα(b)aα(b)α((ab)k−2) = aα(b)aα(b(ab)k−2) = 0.
Continuing this procedure yields that (aα(b))k = 0, this means aα(b) ∈ nil(R).

(4) If aαn(b) ∈ nil(R) for some positive integer n, then αn(b)a ∈ nil(R). Thus αn(ba) =
αn(b)αn(a) ∈ nil(R) by (3). Suppose [αn(ba)]k = αn((ba)k) = 0, then (ba)k = 0 since α is
injective. This implies ba ∈ nil(R) and then ab ∈ nil(R).

Let α be an endomorphism of a ring R. According to [6], α is called rigid if aα(a) = 0
implies a = 0 for any a ∈ R. R is called an α-rigid ring if there exists a rigid endomorphism α

of R.

Let I be an ideal of R. If α(I) ⊆ I, then α : R/I → R/I defined by α(a + I) = α(a) + I for
any a ∈ R is an endomorphism of the factor ring R/I.

Lemma 2.4 Let R be a ring and α be an endomorphism of R. If α satisfies the condition
aα(b) ∈ nil(R) ⇐⇒ ab ∈ nil(R) for any a, b ∈ R, and nil(R) is an ideal of R, then R is
α-power-serieswise nil-Armendariz.

Proof Clearly, R/nil(R) is reduced. If α satisfies the condition aα(b) ∈ nil(R) ⇐⇒
ab ∈ nil(R), then we have āα(b̄) = 0 ⇐⇒ āb̄ = 0 in R/nil(R). Thus R/nil(R) is α-rigid.
Then R/nil(R) is α-power-serieswise Armendariz by [5, Proposition 2.3]. Given any f(x) =
∞∑

i=0

aix
i, g(x) =

∞∑
j=0

bjx
j ∈ R[[x;α]] with f(x)g(x) ∈ nil(R)[[x;α]], then f(x) · g(x) = 0 in

R/nil(R)[[x;α]]. Thus āib̄j = 0 for any i and j since R/nil(R) is α-power-serieswise Armendariz.
This implies aibj ∈ nil(R). Therefore, R is α-power-serieswise nil-Armendariz.

Theorem 2.5 If R is an α-power-serieswise Armendariz ring, then R is α-power-serieswise
nil-Armendariz.

Proof Since R is α-power-serieswise Armendariz, thus it is semicommutative by Lemma
2.3. From [7, Lemma 3.1], we have that nil(R) is an ideal of R. By Lemma 2.3 and Lemma
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2.4, the result follows.

Lemma 2.6 Let R be an α-power-serieswise nil-Armendariz ring and n ≥ 2. If f1, f2, · · · ,

fn ∈ R[[x;α]] with f1f2 · · · fn ∈ nil(R)[[x;α]], then a1a2 · · · an ∈ nil(R), where ai is any coeffi-
cient of fi for each i.

Proof Suppose f1f2 · · · fn ∈ nil(R)[[x;α]] and let ai be any coefficient of fi. Then
f1(f2 · · · fn) ∈ nil(R)[[x;α]] implies a1b ∈ nil(R) for any coefficient b of f2 · · · fn. Hence,
a1f2 · · · fn ∈ nil(R)[[x;α]] and so (a1f2)(f3 · · · fn) ∈ nil(R)[[x;α]]. Since a1a2 is a coefficient of
a1f2, we have a1a2c ∈ nil(R) for any coefficient c of f3 · · · fn. Thus, a1a2f3 · · · fn ∈ nil(R)[[x;α]].
Continuing this process, we have a1a2 · · · an ∈ nil(R).

Lemma 2.7 Let R be an α-power-serieswise nil-Armendariz ring.

(1) If a ∈ nil(R), then ar, ra ∈ nil(R) for any r ∈ R.

(2) If a, b, c ∈ nil(R), then a + bc ∈ nil(R).

(3) If a, b ∈ nil(R), then a− b ∈ nil(R).

Proof (1) Suppose a ∈ nil(R). Then there exists positive integer n such that an = 0.
For any r ∈ R, we have

a(1− rx)[1 + rx + (rx)2 + · · ·+ (rx)n + · · · ] = a ∈ nil(R)[[x;α]].

Since R is α-power-serieswise nil-Armendariz, thus ar ∈ nil(R) by Lemma 2.6. Then ra ∈
nil(R).

(2) Suppose a, b, c ∈ nil(R). By (1), we have bc and b(a + bc) are also nilpotent. Hence
α(bα(a + bc)) ∈ nil(R) by Proposition 2.2. Note

[1− α(b)x][c + α(a + bc)x] = c + α(a)x− α(bα(a + bc))x2 ∈ nil(R)[[x;α]].

Since R is α-power-serieswise nil-Armendariz, we have 1 ·α(a+ bc) ∈ nil(R). Therefore a+ bc ∈
nil(R) by Proposition 2.2.

(3) Suppose a, b ∈ nil(R). Then a2 − ab ∈ nil(R) by (2). Now by applying (2) several
times we can see that a2 − ab − ba ∈ nil(R), hence a2 − ab − ba + b2 ∈ nil(R). Therefore
(a− b)2 ∈ nil(R), which means that a− b is nilpotent.

From Lemma 2.7, we get the following result.

Proposition 2.8 If R is an α-power-serieswise nil-Armendariz ring, then nil(R) is an
ideal of R.

By Proposition 2.2, Lemma 2.4 and Proposition 2.8, we can easily obtain the following
result.

Theorem 2.9 Let α be an endomorphism of a ring R. Then R is α-power-serieswise
nil-Armendariz if and only if nil(R) is an ideal of R, and α satisfies the condition aα(b) ∈
nil(R) ⇐⇒ ab ∈ nil(R) for any a, b ∈ R.
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Proposition 2.10 Let α be an endomorphism of a ring R and I be an ideal of R with
α(I) ⊆ I. If I ⊆ nil(R) and R/I is α-power-serieswise nil-Armendariz, then R is α-power-
serieswise nil-Armendariz.

Proof Let f(x) =
∞∑

i=0

aix
i, g(x) =

∞∑
j=0

bjx
j ∈ R[[x;α]] be such that f(x)g(x) ∈ nil(R)[[x;α]].

Then (
∞∑

i=0

aix
i)(

∞∑
j=0

bjx
j) ∈ nil(R/I)[[x;α]]. Since R/I is α-power-serieswise nil-Armendariz,

(aibj)nij = 0 for some positive integer nij . Thus aibj ∈ nil(R). This means that R is α-power-
serieswise nil-Armendariz.

Let Ri be a ring and αi an endomorphism of Ri for each i ∈ I. For the product
∏
i∈I

Ri of

Ri and the endomorphism α :
∏
i∈I

Ri 7→
∏
i∈I

Ri defined by α((ai)) = (αi(ai)). It can be easily

checked that
∏
i∈I

Ri is α-power-serieswise nil-Armendariz if and only if each Ri is αi-power-

serieswise nil-Armendariz if the set I is finite.

Let α be an endomorphism of a ring R and Mn(R) be the n × n full matrix ring over R.
Clearly, α can be extended to the endomorphism α : Mn(R) → Mn(R) defined by α((aij)) =
(α(aij)). Let Tn(R) denotes the n × n upper triangular matrix ring over R. We also have an
extended map α.

Let R be a ring and denote

Sn =








a a12 a13 · · · a1n

0 a a23 · · · a2n

0 0 a · · · a3n

...
...

...
...

0 0 0 · · · a




∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a, aij ∈ R





,

Rn =








a1 a2 a3 · · · an

0 a1 a2 · · · an−1

0 0 a1 · · · an−2

...
...

...
...

0 0 0 · · · a1




∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ai ∈ R(1 ≤ i ≤ n)





.

Then Sn and Rn are rings with addition point-wise and usual matrix multiplication.

Theorem 2.11 Let α be an endomorphism of a ring R. Then the following conditions
are equivalent

(1) R is α-power-serieswise nil-Armendariz.

(2) Tn(R) is α-power-serieswise nil-Armendariz.

(3) Sn is α-power-serieswise nil-Armendariz.
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(4) Rn is α-power-serieswise nil-Armendariz.

Proof (1) =⇒ (2) Let I = {A ∈ Tn(R)|each diagonal entry of A is zero}. Then I is an
ideal of Tn(R) with I ⊆ nil(Tn(R)). Clearly, Tn(R)/I ∼= Rn. So Tn(R)/I is α-power-serieswise
nil-Armendariz. Thus Tn(R) is also α-power-serieswise nil-Armendariz by Proposition 2.10.

Note that any invariant subring of α-power-serieswise nil-Armendariz rings is α-power-
serieswise nil-Armendariz. Thus (2) =⇒ (3) =⇒ (4) =⇒ (1) is obvious.

§3. Polynomial Ring

Let R be a ring. According to [8], R is nil-semicommutative if whenever ab ∈ nil(R), then
arb ∈ nil(R) for any r ∈ R.

Proposition 3.1 α-power-serieswise nil-Armendariz rings are nil-semicommutative.

Proof Given any a, b ∈ R with ab ∈ nil(R). Then we have a(1−rx)[1+rx+(rx)2 + · · ·+
(rx)n + · · · ]b = ab ∈ nil(R)[[x;α]] for any r ∈ R. Since R is α-power-serieswise nil-Armendariz,
thus arb ∈ nil(R) by Lemma 2.6. This means that R is nil-semicommutative.

Lemma 3.2 Let R be an α-power-serieswise nil-Armendariz ring, then nil(R[[x;α]]) ⊆
nil(R)[[x;α]].

Proof Suppose f(x) ∈ nil(R[[x;α]]), then f(x)n = 0 for some positive integer n. Accord-
ing to Lemma 2.6, we have a1a2 · · · an ∈ nil(R), where ai is any coefficient of f(x) for any i.
In particular, for any coefficient a of f(x), we have an ∈ nil(R). Thus a ∈ nil(R). This means
that f(x) ∈ nil(R)[[x;α]].

Proposition 3.3 Let R be an α-power-serieswise nil-Armendariz ring such that nil(R)[[x;
α]] ⊆ nil(R[[x;α]]), then R[[x;α]] is nil-semicommutative.

Proof Suppose that f(x) =
∞∑

i=0

aix
i, g(x) =

∞∑
j=0

bjx
j ∈ R[[x;α]] are such that f(x)g(x) ∈

nil(R[[x;α]]). Then f(x)g(x) ∈ nil(R)[[x;α]] by Lemma 3.2. Since R is α-power-serieswise

nil-Armendariz, thus aibj ∈ nil(R) for any i and j. Given any h(x) =
∞∑

k=0

ckxk ∈ R[[x;α]],

we have aickbj ∈ nil(R) since R is nil-semicommutative by Proposition 3.1. Note that nil(R)
is an ideal of R, thus f(x)h(x)g(x) ∈ nil(R)[[x;α]]. Since nil(R)[[x;α]] ⊆ nil(R[[x;α]]), thus
f(x)h(x)g(x) ∈ nil(R[[x;α]]). This means that R[[x;α]] is nil-semicommutative.

Recall that if α is an endomorphism of a ring R, then the map α can be extended to an

endomorphism of the polynomial ring R[x] defined by
n∑

i=0

aix
i 7→

n∑
i=0

α(ai)xi. We denote the

extended map R[x] 7→ R[x] by α.

Theorem 3.4 Let R be an α-power-serieswise nil-Armendariz ring with nil(R)[x] =
nil(R[x]). If αt = IR for some positive integer t, then R[x] is α-power-serieswise nil-Armendariz.

Proof Suppose that p(y) =
∞∑

i=0

fiy
i, q(y) =

∞∑
j=0

gjy
j ∈ R[x][[y;α]] are such that p(y)q(y) ∈
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nil(R[x])[[y;α]]. Let fi = ai0 +ai1x+ · · ·+aiki
xki , gj = bj0 + bj1x+ · · ·+ bjlj x

lj for any i and j,
where ai0, ai1, · · · , aiki

, bj0, bj1, · · · , bjlj ∈ R. We claim that figj ∈ nil(R[x]) for all i and

j. Let kn =
n∑

i=0

degfi +
n∑

j=0

deggj + 1, where the degree is as polynomials in R[x] and the degree

of zero polynomial is taken to be 0. Since p(y)q(y) ∈ nil(R[x])[[y;α]] and nil(R)[x] = nil(R[x]),
we have

f0g0 ∈ nil(R)[x];

f0g1 + f1α(g0) ∈ nil(R)[x];

· · · · · · · · · · · · · · · · · · · · · · · ·
f0gn + f1α(gn−1) + · · ·+ fn−1α

n−1(g1) + fnαn(g0) ∈ nil(R)[x];

· · · · · · · · · · · · · · · · · · · · · · · ·
Let f(x) = f0(xt)+f1(xt)xtk1+1+· · ·+fm(xt)xmtkm+m+· · · and g(x) = g0(xt)+g1(xt)xtk1+1+
· · · + gn(xt)xntkn+n + · · · . Then the set of coefficients of the fi(x)(respectively, gj(x)) equals
the set of coefficients of f(x)(respectively, g(x)). Since αt = IR, we have

f(x)g(x) = f0(xt)g0(xt) + [f0(xt)g1(xt) + f1(xt)α(g0(xt))]xtk1+1 + · · · ∈ nil(R)[[x;α]].

Since R is α-power-serieswise nil-Armendariz, thus ailbjr ∈ nil(R) for any i and j. Note that
nil(R) is an ideal of R, thus figj ∈ nil(R)[x]. Since nil(R)[x] = nil(R[x]), thus figj ∈ nil(R[x]).
This implies that R[x] is α-power-serieswise nil-Armendariz.
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