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§1. Introduction

Denote by A the class of functions whose elements are of the following form
fR) =24 an2", (1.1)
n=2

which are analytic in the open unit disk A={z€C:|z| <1} and normalized by the conditions
f(0)=0=f"(0)-1.
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Let f and g be analytic functions in the unit disc A={z € C:|z| < 1}. Due to MacGregor [16]
(also see [20]), we say that f is majorized by g in A and write

f(2)<yg(2), (2€4), (1.2)

if there exists an analytic function ¢ in A such that

|¢(2)| <1 and f(2)=o(2)g(2), (2€A). (1.3)

It may be noted here that (1.2) is closely related to the concept of quasi-subordination between
analytic functions. Also, we say that f is subordinate to g, which is denoted by f<g (see [17]),
if there exists a Schwarz function w which is analytic in A with w(0)=0 and |w(z)| <1 for all

z€ A, such that
f(2)=g(w(z)), (z€4).
Furthermore, if the function g is univalent in A, we have
f=9+=1(0)=g(0) and f(A)Cg(A).

Denote by S*(r) and C(7) the class of starlike and convex functions of complex order

7(T€C\ {0} =C*), satistying the following conditions

@;&0 and Re [14-3_ (Z;;i;?) _1)} >0

and

2f"(2)
f'(2)

f(z)#0 and%e[l—i—i( >}>0, (z€A),
respectively. Further,

S*(1—a)cosh e~ =8*(a,)), (A< g 0<a<l)
and

S*(cosh e ) =8*(\), (|A|< g)7

where one denotes by S*(a, ) the class of A—Spiral-like function of order « investigated by
Libera [14] and by S*()\) Spiral-like functions introduced by Spacek [26] (see [23]).
Let P be the class of all analytic functions £(z) of the following form

U(z)=14) cn2", (2€A)
n=1

satisfying f4(z) >0 and ¢(0) =1.
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Lemma 1.1. (See [5,11]) Assume that the function £(z) € P, then the sharp estimates | ¢, |<
2 (neN) are true. In Particular, the equality holds for all n for the next function

142 = n
e(z)=1_2=1+22z .

n=1

Lemma 1.2. ( [15]) Assume that the function £(z) € P, then
lco — ic?| <2max{1,|2h— 1]}, (ReC).

Specially, the sharp result holds for the next functions

1+2 1422

((z)
Lemma 1.3. ([15]) Assume that the function £(z) €P and kK €R, then

—4k+2, if k<0,
; if 0<Kk <1,
4k —2, if k>1.

ca—kKeT|<K{ 2

For <0 or > 1, the inequality holds literally if and only if £(z) = {£2 or one of its rotations.
If 0 <k <1, the inequality holds literally if and only if ¢(z) = }fzz or one of its rotations. In

particular, if k=0, then the sharp result holds for the next function

(1 E\1+z (1 E\1-z
“2>—<2+2)1_Z+(2‘2>1+Z7 (0=&=<1),

or one of its rotations. If k=1, then the sharp result holds for the next function

1 (1 &\1+z (1 &\1-z2
“2)_<2+2)1z+(2 2)1+z’ (0=¢g<1),

or one of its rotations. If 0 <k <1, then the upper bound is sharp as the followings

)

DN | =

lco — kel |+ k1> <2, (0<k<
and
2 2 1
|co — ki |+ (1—k)|e1]” <2, (§</£<1).

Let X, be the class of p—valently meromorphic functions which are analytic and univalent

in the punctured unit disk
A*={zeC:0<|z|<1}=A\{0}

of the form

f(Z):;l,ﬁZanz"*p (1.4)
n=1
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with a simple pole at the origin
For functions f;(z)= % + Z an;2" P (j=1,2, peN) in X,, the convolution or Hadamard
product of two functions f1, f2 € Ep is denoted by fi * fo and defined as

(fixf2)(z *+Zan1an22 P=(faxf1)(2). (1.5)

The function E, (z) was introduced by Mittag-Leffler [18,19] and is, therefore, known as
the Mittag-Lefller function. A more general function E, g with two parameters o, 3, which

generalizes E,(z), was introduced by Wiman [28,29] and denoted by

) Sk
Z)zgm, (z,a,8€C, Re(a) >0, Re(B)>0). (1.6)

The Mittag-Leffler function arises naturally in the solutions of fractional order differential and
integral equations, and especially in the investigations of fractional generalization of kinetic
equation, random walks, Lévy flights, super-diffusive transport and in the study of complex
systems. Several properties of Mittag-Lefller function and generalized Mittag-Leffler function
can be found, e.g. in [3,4,8-10,13]. Observe that Mittag-LefHler function E, g(z) does not belong
to the class A. Therefore, it is natural to consider the following normalization of Mittag-Leffler

functions as below :

E(X,B(z):zF(ﬁ)Eaﬁ(z):z—&—Z— (1.7)

NG I
- Tlaln—1)+5)
which holds for complex parameters a, 8 and z € C. There has been a growing focus on Mittag-
Leffler-type functions in recent years based on the growth of possibilities for their application
for probability, applied problems, statistical and distribution theory, among others. In most
of our work related to Mittag-Leffler functions, we study the geometric properties, such as the
convexity, close-to-convexity and starlikeness. Recent studies on the Mittag-Leffler function

E, s(z) can be seen in [21]. In fact, the function given by (1.6) is not within the class X. Based

on the above reason, this special function is then normalized as follows:

Q3(2)=2""T(B)Eap(z)=2"" +Z pni% "

Srivastava and Tomovski [25] introduced the generalized Mittag-Leffler function Egg(z) of the

form:

6 n
E( Zr an+ﬁ T (1.8)

where 8,7 €C, R(a)>max{0;R(5)—1}, R(J) >0, R(a) =0 when R(§) =1 with #£0 and (v).,

denotes the Pochhammer symbol (or the shifted factorial) as a product of m factors by

1, m=0,

v(v+1)(v+2)---(v+m—1), meN.
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Then, Srivastava and Tomovski [25] proved that the function Elg (z) defined by (1.8) is an

entire function in the complex z-plane. Further, we define the function E;_’(i ﬁ(z) by

E. 5(2) =2 PT(B)EY5(2)-

Corresponding to the function E;,’i, 5(2) defined by (1.5), we introduce a linear operator

M 55,5,

by

_ +nd)T(B e
M0 f(2) = EJS ()% f(2) =2 p+§; LG ;nw))n,anz »

=z"P4 ZanMn(oz,B,%(S)z"_p,
n=1

where R(a) >max{0;R(5) —1}, R(§) >0 and R(«a) =0 when R(§) =1 with S#£0, and

I'(v+nd)l'(B)

Mn(a7ﬂ5776): F('}/)F(an‘i‘ﬁ) n' = n-

Here, we also point out that

_TO+orp) _LO+2O)TB) 4 oap = L +3OTB)
M=rorars Y wmrears) ™ M= mrGat s (1.9)
Also, it is easily verified from (1.6) that
(w0, 2)) = Do o) - (P s (). (1.10)

Stimulated by the earlier works on majorization problem for the class of analytic starlike
functions that have been investigated by MacGregor [16], and Altintas et al. [1], lately Goyal and
Goswami [12] extended their results into the class of meromorphic functions by making use of
certain integral operator. The Fekete-Szego functional ’ag — ua§| for f €S is well known for its
rich history in the field of Geometric Function Theory. Its origin was in the disproof by Fekete
and Szegd [7] of the Littlewood-Paley conjecture that the coefficients of odd univalent functions
are bounded by unity. Ever since, the functional has received great attention, particularly in the
study of many subclasses of the family of univalent functions (see [24]). This topic has become
of considerable interest among researchers in Geometric Function Theory, for the meromorphic
functions in recent past (see, for example, [2,6,22,27]). In the present paper we introduce
a new class of p—valently meromorphic starlike functions of complex order associated with
the generalized Mittag-Leffler functions and investigate a majorization problem for functions
that belong to the class MZZ ﬁ(T,A,B). Further, we discuss Fekete-Szegd functional for
fEMp o.5(T A, B).
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Definition 1.1. A function f(z) €L, is said to in the class M)’

functions of complex order T € C* in A* if and only if

7,6 !
1 (2 (000 50 () L+ Az
Dﬁ’aﬁf(z) +5z

. ﬂ(T,A,B) of meromorphic

(1.11)

Rl

where z€ A*, —1<B<A<I1.
Example 1.1. If we put

M) (1,1, =1) =MD (1),

then /\/lp ;. 5( T) denotes the class of functions f € X, satisfying the following inequality:

plioL|” (2030.07)

+p >0,
T m%a 5f(z)

where z € A* and T € C*.
Example 1.2. When 7= (p—9)cosA e (]A|<Z, 0<9<p), the class

M;Zi,g(T)ZMZ’i5((?—19)(:08)\ e M= Mpaﬁ( A)

s Xy

is called the generalized class of A-spiral-like functions f(z) of order ¥ (0<¥ <p) satisfying

oA N (S)ﬁ;:iﬁf(z))/

R =5

< —1 cosA.

Example 1.3. Once we set T=p—19 (0<9<p), the class
0 6 — A0
Mo s(T) =M% s(p=0) =M% 5(9)

is named the generalized class of p—valently meromorphic starlike functions f(z) of order

9 (0< 9 <p) satisifying

M) sf(2)
—( s <.
p’a ﬁf(z)
§2. A majorization problem for the class Mpaﬁ(T,A,B)

In this section we shall restrict our attention to the case of «,3,7,6 € R;. Then, we deal
(r,A B) as follow.
(r,A,B). If fmgiﬁf(z) is ma-

with the majorization problem for the class M b 5

Theorem 2.1. Let the function f(z)€X, and g(z yeM??
jorized by Emg”iﬁg(z) in A*, then

p,a,f

O 5 f (=) <12 59D |, (121<m), (2.1)
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where ry is the smallest positive root of the equation
|yB —07(A—B)| * — (20| B|+~)r? = {20+ |yB — 67(A— B)|}r+~v =0, (2.2)

and peNy, TeC*, -1<B<A<L1.

Proof. Since g(z )GMp o.5(T: A, B), we readily obtain from (1.11) that
!/
T gmvaﬁg(z) 1+ Bw(z)’ '
where w belongs to the well-known class of bounded analytic functions in A and
w(0)=0 and |w(2)|<|z], (z€A). (2.4)
From (2.3), we get
’Y /
(M0590) et pBer(A-Bule) o
M0 59(2) 1+ Bu(z) |
Using (1.10) in (2.5), we derive
7[1+ Bw(?)] V41,8
= ; . 2.
’ pas9(® ’ ‘w{w (A= B)jw(s) wes I (26)
Hence, by making use of (2.4), we deduce
1+|B] |z]]
v, < 7[ 'y+1 ) 2.
‘m aﬁg( )| —|’}/B—5T(A—B)‘ |Z||( paﬁg( )| ( 7)
Since Dﬁ;”iﬁf( ) is majorized by zm”’a p9(2) in A* from (1.3), we have
M 5F(2) =0(2)M5 59(2).
Differentiating the above equation w.r.t z and multiplying by z, we infer
(M0 5F(2)) =20/ ()M 59(2) +20(2) (7, 59(2)) -
By applying (1.10), we get
, g
M5 F(2) =26/ ()DL 59(2) + 56(2) (MG Fa(2)- (28)
Noting that the Schwarz function ¢(z) satisfies (see Nehari [20] )
’ 1—|o(2)|?
O & (29
and using (2.7) and (2.9) in (2.8), we obtain
(1—l¢(z)*)l2] | S[1+|B] |]

M Log(2),

+1,0
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which upon setting

=7 and g()| =p, (0<p<1)
leads us to the next inequality

D0 F(2) < M (r,p) |0 g(2)] (2.10)

where the function Aq(r,p) is given by

r(1—p?)8[1+|B]r]
(1=r?){y=lB—=67(A=B)[r}’

Al (’I“, P) =p+
In order to determine the bound of A;(r,p), we have to choose

ri=max{r e (0,1):Ay(r,p) <1, pe[0,1]}

=max{r e (0,1):Az(r,p) >0, pe0,1]},

where
Aa(r,p)=(1=1*){y = [yB—07(A=B)|r} —r(1+p)s[1+|B]r].
Obviously, for p=1, the function Az(r,p) takes its minimum value, namely
min{As(r,p): p € [0, 1]} = A(r,1) = Aa(r),
where
Ao(r)=(1—rH){y—|yB—07(A—B)|r} —2ré[1+|B|r].

Furthermore, if A2(0)=~>0 and A3(1)=—26[1+|B]] <0, then there exists a positive constant
r1 such that Ag(r)>0 for all r€(0,r1], where r; the smallest positive root of the equation.
Then, it completes the proof of Theorem 2.1. O

By taking A=1 and B=—1 in Theorem 2.1 we state the following corollary without proof.
Corollary 2.1. Let the function f(z) €3, and g(z) EM;:Zﬁ(T) if m;iﬁf(z) is magorized by
m;:iﬁg(z) in A*, then

r) ’ ") ’
|0 s () |1, 59(2)) |, (J2]<71),
where r1 is the smallest positive root of the equation
|y 4+207] 1% — (26 +4)r? — {26 + |y +207|}r +7 =0,

and pe Ny, TeC*.
Remark 2.1. Fizing the parameters 7= (p—19)cos Ae™* (|]X\|<%, ¥ (0<9<p), and further
letting A=0 in Corollary 2.1, one can state the majorization results for the function classes

M;”iﬁ(ﬁ,)\) and M;iﬁ(ﬁ) defined in Examples 1.2 and 1.3, respectively.
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§3. Fekete-Szegd inequalities for the function class M7 6(’7‘ A, B)

From now on, we study the coefficient estimates and Fekete-Szegd inequalities for the class
./\/lp o 5(7'714,3). At first we establish the following theorem for coefficient bounds.
Theorem 3.1. If f(z) € X, belongs to the class ./\/lpa 5(T,A,B), then

| (A—B)7|
< ; 3.1
jor < S5 (3.1)
E(r,A,B) | (A—B)1|
.2
jaa | S (32)
and
lag|< [32(1,A,B) | (A= B)7|+2(4+2B+B?)+2| (A-B)7|?]| (A— B)T|
where
E(r,A,B)=B+2+|(A—B)T7| (3.3)

and My, My, M5 are given by (1.9).
Proof. Assume that f(z) € M;:g 5(7,A, B). Then, by Definition 1.1 there exists an analytic
function w(z): A — A with w(0) =0 such that

0 '
1 Z(imw, ,ﬁf(z)) 1+ Aw(z)
1—= =5 +p =178 . (3.4)
T M Lf(2) + Buw(z)
Expanding the left side of (3.4), we get that
mre f(z) 2.2
1 a M 2Msas — M
T ( 'yéﬁ) +p| =1+ 10, 20202 191 2
T gm o ﬁf(z) T T
i 3M3a373M2a2M1a1+Mf’a“f 23+ (35)
T
Besides, if we denote the function £ € P by
1+w(z)
¢ 7—1 L2 A), 3.6
(z)= & +Zc (zeA) (3.6)
then from (30) we know that
c 1 c? 1 c3
w(z):512+2 <0221> 22+§ (030102+41) B4, (zeA), (3.7)

such that

1+ Buw(z) 2 2

1+ Aw(2) +(AB)clz+AB<CZ_B+1 f)zQ
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A—-B B+2 1+ B+ B?
— |3 — i ClCQ—FLC? B4, (z€A). (3.8)
2 2 4
Therefore, together (3.4-3.5) with (3.8), we remark that
M1a1 - (A*B)Cl
T - 2 ) (39)
2M2a2—M2a2 A—-B B+1
. 11 5 2= 5 a3 (3.10)
and
3Msas —3Msas M Mo} A-B B+2 1+ B+B?
303 2aMyiay + M7 ay _ - + 0102+LC% . (3.11)
T 2 2 4
From (3.9) and (3.10), we derive that
(A-—B)rcq
= = 3.12
ay 201, (3.12)
and
(A—B)*r2c2  (A-B)T B+1 ,
= — . 3.13
“ sM, i, \?T 2 A (8.13)
Thereby, from (3.12-3.13) and Lemma 1.1, we obtain that
|(A=B)7|
a | ————— 3.14
| 1 |— ‘Ml | ( )
and
B+2 A—-B A—B
oy | BH2EA=B)TD|(A=B)r| s

2| Mz |

Moreover, by (3.11-3.15) and Lemma 1.1, we get that

3(B+2+|(A—B)7|)| (A= B)r | +2(4+2B+ B%)+2| (A— B)r |?]| (A— B)r|

las|<

This theorem is proved.O

Next, we consider Fekete-Szegt problems for the class ./\/l;g 5 (1,A,B).
Theorem 3.2. Let f(2) EZP belong to the class M;:Z’B(T,A,B) and p€C, then

where

|az — ga? |<

h

B+l

6| M;|

|(A— B)7|max{1,|2h—1|}

2| Ma|

9

o(A-B)TM; (A-B)r

2

M

2
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Proof. From (3.12) and (3.13) we can deduce that

% [02_ (3;1 ., Q(A—J\Z)TMQ - (A;B)T)Cﬂ |

2
ag —0ay =

Hence, from Lemma 1.2, we imply that

|(A— B)7|max{1,|2h—1]|}
2| My | 7

|ag —ga?|<

where

B B+1 n 0o(A—B)TMy; (A-B)r
2 M} 2
Consequently, the proof is completed.O
If we choose p=1 and ¢=0 in Theorem 3.2, respectively, then we have the following corollary
for Fekete-Szego problem and the bound of coefficient as.

Corollary 3.1. Let f(z) Ezp belong to the class M;:iﬁ(T,A,B), then

(A— B)r|max{1,|2h— 1]}

laz—af|< A ;
where
e B+1 (A-B)TM; (A-B)r
2 M2 2
and
4z |< |(A*B)T|H1&X{1,‘B*(A*B)T‘}'

2[ M|

Furthermore, if we take all the parameters «,3,v,0 € R, so that M,, >0 for all n €N, then
together 7€ Ry with Lemma 1.3 and (3.9) we provide Fekete-Szego type inequalities for the
class M;:iﬁ (1,A,B).

Theorem 3.3. Let f(z)€)_, belong to the class M;:Zﬁ(T,A,B) and 9 €R, then

U {(A-Byri-232) =B}, if o<Ty,

M M2
las —gaf < { UTET if T1<p<Ts,
U {(A-ByrZ -1+ B}, if 0=,

where

T,— [(A—B)T—B—1]M?

2(A— B)rM>

and

T,— [(A—B)T—B+1]M?

2(A— B)r M,
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Moreover, if T1 < p<7Yso, then there exists the sharp upper bounds as the followings

wP  _(A-B)r
(A—B)TM2 - 2M2

|az — oai| + { (A~ B)7(20M2 — M?) +(B+1) M7 } x 5

for T1<QST and

s> _(A=B)r
(A—B)TM2 - 2M2

laz— 03| + {(A— B)r (M} - 20My) — (B—1)M?} x -

for T< 0<Y,y, where

- _[(A-B)r—B|M}
2(A—B)TM2

84. Concluding remarks

Up to this step we have introduced a new meromorphic function subclass which is related to

the Mittag-Leffler function and obtain the results on majorization and Fekete-Szeg6 problems.

As for further research we could discuss sufficient and necessary conditions in relation to this

subclass. Besides, linear combinations, distortion theory and another properties can be also

explored.
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