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Abstract: In this paper, we give the Maschke-type theorem for a Yetter-Drinfeld Hopf
algebra which extends the famous results for a usual Hopf algebral[3].
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It is well-known that a Hopf algebra with a projection has the Radford biproduct decom-

position [4]. In this decomposition one of the factors is not a Hopf algebra in the usual sense,
but it is a Hopf algebra in the category of Yetter-Drinfeld modules over the other factor(the
projection). There are other important examples of Hopf algebras in braided category such as
(G, x)-Hopf algebras and twisted Hopf algebras ([2]). With the deeper researches many interest-
ing results are obtained. For example, Doi considered Hopf modules in Yetter-Drinfeld category
([5]) and Schauenburg proved that the category of Yetter-Drinfeld modules is equivalent to the
category of modules over Drinfeld double ([6]).

In this paper we mainly give the Maschke-type theorem for a Yetter-Drinfeld Hopf algebra.

Conventions  We work over a field k. All algebras and coalgebras are over k. For a
coalgebra H we denote A(h) = > h1 ® hy and for a left H-comodule M we denote p(m) =
>_m(—1) ® m(g). idy denotes the identity map from V' to itself for any k-space V.

We first recall some basic notions. Suppose that (H,m,u, A, e,S) is a Hopf algebra. A
left Yetter-Drinfeld modules over H is a k-space M is endowed with both a left H-module
structure by . and a left H-comodule structure by p verifying >- (h-m)_;) ® (h-m) ) =
> him—1)S(h3) ® ha -m(g). The category of Yetter-Drinfeld modules over H denoted by Y D
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is a prebraided category with the prebraiding given by 7y v : MQN — N®M, Ty n(m@n) =
>_m(—1) - n®@mg) for two Yetter-Drinfeld modules M and N.

Definition 151 Let H be a Hopf algebra. An object L in BY D is called a Yetter-Drinfeld
bialgebra if it is a k-algebra and also a k-coalgebra satisfying the following conditions for all
heH, l,je€L:

(1) L is an H-module algebra via the action -, that is,
he(l§) =Y (- 1)(ha-5), h-1p = e(h)1r;
(2) L is an H-module coalgebra via the action -, that is,
A(h-1) =Y hy -l ®hy-la, e(h-1) =e(h)e(l);
(3) L is an H-comodule algebra via the coaction p, that is,
p(lj) = Z (13) (1) @ ) oy = Zl(—l)j(—l) ® loyjoy, p(1L) = 1g ® 1p;
(4) L is an H-comodule coalgebra via the coaction p, that is,
Yl ®lon @l = Y hi-nla1) @l @ sy, Y L-nelo) = (Dl
(5) A and ¢ are algebra homomorphisms in Y D, that is,
A(lj) = 211(52(—1) 1) ® laydz, A1) =1®1, e(1) =1, e(ly) = e(l)e(j)-
In addition, if there exists a morphism S : L — L in EYD such that it is the convolution

inverse to idy, then L is called a Yetter-Drinfeld Hopf algebra over H.

Lemma 1[5  Let L be a Yetter-Drinfeld Hopf algebra over H with the antipode S,
then for any 1,I" € L, S(UI') = S (I_1y - S(I))So)), S(1) =1, AS() = X ly_1y - S(l2) ®
S(li0)), (S(1) = ().

Definition 2  Let L be a Yetter-Drinfeld Hopf algebra over H, an element ¢t € L is called
a right integral if t/ = €(I)t for any [ € L. In addition, if e(t) = 1 and Y t(_1) @ty = 1@
then it is called a coinvariant normalized right integral.

Example 1 L = k%2 @ k[Z,] is a Yetter-Drinfeld Hopf algebra over H = k[Z,] under the

following structures form [7]:
1. The multiplication: (e; ® c.)(e; ® ¢y) = 8;;0:(u, v)e; @ Cyqv; the unit 1 = Zi:oei ® cp.
2. The comultiplication: A(e;®c¢,) = Zi:o (es®cy)®(ei—s®cy); the counit e(e; ®cy,) = 0.
3. The H-action: ¢, - (e; ® ¢,) = (=1)"""¢; @ ¢,
4. The H-coaction: Y (e; ® cv)(_l) ® (e; ® cv)(o) = ¢y ® (€ ® ¢y).

5. The antipode: S(e;®cy,) = o4(u, —u) Lo i®c_u, oo(i,u) =1, o1(i,u) = 190w q(i,u) =

1 if and only if ¢« = u = 1, otherwise ¢(¢,u) = 0, ¢ is a primitive fourth root of unity.
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Then we claim that ¢ = (eo ® co + g ® ¢1) is a coinvariant normalized right integral. In
fact,

t(eo ® co) = (€0 ® co + €9 @ c1) = e(eg @ co)t;
tleo®c1) = 2(eg ® c1 4+ €9 ® co) = e(e0 @ c1)t;
tle1®co) =0=c¢€(e1 ®co)t; tler ®c1) =0=¢c(e1 ® c1)t;
p(t) = 2o ® (e0 ® co) + 3¢0 @ (€9 ® €1) = o R t;

e(t) = %( (eo®co) +e(eg®ey)) =1.

Definition 3 Let L be a Yetter-Drinfeld Hopf algebra over a Hopf algebra H (via the
action - and the coaction pr) and A an algebra in £Y D (via the action — and the coaction
pa). Ais called a left Yetter-Drinfeld L-module algebra if A is a left L-module (via the action
o) satisfying the following for all h € H, y € L, a,b € A:

(6) yo(ab) = (y1° (y2(-1) = @))(y2(0) 0 D), yola = e(y)la;
(7) X(h1-y)o(ha =a)=h— (yoa);
(8) X (yoa)_y)®(yoa)g =2 ¥-1)a(-1) ® Y(0) ° &(0)-

Examplel®  Let L be a Yetter-Drinfeld Hopf algebra over a Hopf algebra H (via the
action - and the coaction p). Note that L is a left Yetter-Drinfeld L-module algebra with the
action o given by y oz = > y1(y2(—1) - 2)S(¥2(0))s ¥, 2 € L. Indeed, obviously 10z = x for any
x € L. We have to show the following equations hold. In fact, for any z,y,z € L,

o(yoz)=> mra—1)  (W1(Ya(-1) - 2)S(Y2(0)))]S (¥2(0))

1
(:) le(l‘Q(_l)l . yl)(x2(_1)2y2(_1) . Z)(xz(_l);% : S(y2(0)))5($2(0))
L

emmal o z(Ta(—1) - Y1) (@200)(—1)Y2(—1) * 2)S(T2(0)(0) Y2(0))

D 5 (@), (@9)gyy - 2)S(@9)a(0) = (29) 0 2

Y- (10 (T2(—1) - ¥)) (T2(0) © 2)

= 2561(:62(_1)563(_1) '9)5(552(0))553(0)1($3(0)2(—1) 'Z)S(xs(o)z(o))
(i) 2551@32(—1) 'y)5($2(0)1)952(0)2(302(0)3(—1) : Z)S($2(0)3(0))

= > z1(Ta(—1)  ¥)(@2(0)(~1) - 2)S(T2(0)(0))

= > 1(za—1y1 - Y)(Ta(—1)2 - 2)S(20)) = T 0 (y2);

>.(hy-x)o(hy-y) =3 (hi-z1)((he - x2)(_1)hs - y)S((h2 - x2)(g))
= > _(h1 - 1) (hazo(—1)S(ha)hs - y)S(hs - T2(0))

= > (h1 - @1)(hazo—1) - y)S(hs - T2(0))

=2 h- (z1(zo(-1) - y)S(220))) = h- (xoY);

2 (xoy) Ly ®(zoy)q

= 2331(71)(372(71) 'y)(_l)xz(o)(q) ® T1(0) (352(71) 'y)(O)S(xz(o)(o))

= > T~ Ta(—1)1Y(—1)S(T2(—1)3)Ta(~1)a © T1(0)(T2(—1)2 - Y(0))S(T2(0))

= Z$1(71)$2(71)1y(71) ® 331(0)(332(71)2 ) y(o))5(932(0))

@ 2 TnY-1) @ T0)1(Z(0)2(-1) * Y(0))S(Z(0)2(0)) = 2 T(-1)¥(~1) ® T(0) © Y(0)-
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From [6] and [8-9] we know that if L is a Yetter-Drinfeld Hopf algebra over H (via the action
- and the coaction p) and A a left Yetter-Drinfeld L-module algebra (via the L-action o and
H-action —), then AfL is an associative algebra which equals to A ® L as a k-space with the
multiplication given by (afl)(bl') = S a(ly o (lg(=1) = b))ﬁlg(o)l/ for all a,b € A, 1,I' € L and
the unit 1441y

Directly from easy computations we can obtain the following lemma.

Lemma 2 Let L be a Yetter-Drinfeld Hopf algebra over H and A be a left Yetter-Drinfeld
L-module algebra , then A and L are both subalgebras of AfL.

Lemma 3 Let L be a Yetter-Drinfeld Hopf algebra over H and A be a left Yetter-Drinfeld
L-module algebra , then M is a left AfL-module if and only if M is both a left A-module and a
left L-module satisfying » (l10(la(—1) — a))*(l2(0yom) = lo(axm) foranya € A, I € L, m € M,
where M is a left A-module via * and a left L- module via o.

Proof If M is aleft AfL-module via ” -7, then M is a left A-module via the action given
by a*m = (afl) - m and a left L-module via the action given by I o m = (1§l) - m by Lemma
2. Moreover for any a € A, 1 € L, m € M, l o (a*m) = [(18)(afl)] - m = D [l1 o (Iy(—1) —
a)ilao)] - m = Y[l o (Iz—1) = a)i1)(1tla0))] - m = 3 _(l1 0 (Ia(—1) = @) * (Iz(0) © m).

If M is both a left A-module and a left L-module, then we claim that M is a left AfL-module
via the action defined by (afil) - m = a * (lom). Indeed, for all a,b € A, l,j € L, m € M,

(agl) - [(b8)) - m] = ax [lo (b (j om))]
=2 ax[(lo(ly—1) = b)) * (la0) © (5 ©m))]
=2 a(ly o (Ia—1) = b)) * ((2(0)4) 0 m)) = [(atil) (b7)] - m].

Lemma 4 Let L be a Yetter-Drinfeld Hopf algebra over H with bijective antipode and A
be a left Yetter-Drinfeld L-module algebra , and M, N be two AfL-modules where M and N
are the left L-modules via ¢ and > and the left A-modules via * and * respectively. Let ¢ be
a coinvariant normalized integral in L. If f : M — N is a left A-module map, then the map
f:M — N, m— > S(t;) > f(taom) is a left AfL-module map.

Proof Since t is a right integral in L, we have foralll € L, > t1 @ to @1 = A(t) @1 =
ZA(fE(ll)) ®Rly = Z Ath)®ly = Ztl(tQ( 1) ly) ®t2(0)12 ®l3. It follows that Ztl ®1t25(1)
Yo ti(ta—1y - 1) ® tao)-

Next we will prove that f is both a left A-module map and a left L-module map. As a
matter of fact, for all [ = S(l)e L, me M,

F(S(1) om) = S 8(t1) b F(025(1) o m) L S0 St (ta1) - 1) & f(tae) o m)
Lermma2 Yot nta—y - S1))S (o)) & f(ta(0) ©m)

DSty - SW)SEon) bty om)
= S S() 5 (S(ta) & f(ts 0m)) = S(1) > F(m).
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Hence f is a left L-module map. On the other hand, for all a € A, m € M,

flaxm) =3 S(t1) > f(t2 o (axm))

bemmnas s S(t) > f((ta o (ta(_1) — a)) * (ta) ©m))

=>25(t1) > ((t2 0 (t3—1) — a) * f(ts(0) © m)))

Lemma3 2o18(t)y 0 (S(t1)yqy = (L2 0 (t3—1) = a)))] (S(tl)z ) @ f(t30) ©m))
S (ty ) - S(t2) 0 (S(2 10) <1y = (t3 0 (ta-1) = a)))]

*(S(t1(0)) gy > f(ta0) ©m))

= Sl(ta1y1 - S(t2)) © (12 = (3.0 (fa-1y = @))] * (S(ta(0)) > f(tago) ©m)
o [((tr—1y1 - S(E2))(tr(—1)2 - t3)) © (tr(—1)sta—1) = a)] * (S(t1(0)) & [ (tao) © M)
Y St 1 - (S2)t) © (ta-yatary = @] * (S(ta0)) > Fltao) o m)

=Y (ti—nyta—1) = a) * (S(tio)) > f(t2(0) ©m))

2 Sty = @) x (St & [ty 0m) = Sax (Sth) > f(t2 0m))

=ax* f(m).

So f is also a left A-module map. By the above discussion we know that f is a left AfL-module
map.

By the above Lemma, we can obtain the Maschke-type theorem for a Yetter-Drinfeld Hopf
algebra.

Theorem 1 Let L be a Yetter-Drinfeld Hopf algebra over H with bijective antipode and
A be a left Yetter-Drinfeld L-module algebra , and M be an AfL-module. Let t be a coinvariant
normalized integral in L and N an AfL-submodule of M. If N is an A-direct summand of M,
then N is an AfL-direct summand of M.

Proof Let f: M — N be an A-module projection map. Define f : M — N, m
3" S(t1) o f(tz ©m), then by Lemma 4 f is an AfL-module map.

In what follows we need only to show that f is a projection. Indeed, for all n € N, f(n) =
ZS(t1) > f(tg <>n) = ZS(tl) > (tg l>n) = ZS(tl)tQ >n=n.

Remark 1  If we let L := H and define the left H-action - on L as h -1 = e(h)l and the
left H-coaction on H as ) l(_1) ® ) = 1 ®1 for any h € H, [ € L, then it is very easy to
prove that H is a Yetter- Drmfold Hopf algebra over H. Therefore the classical Maschke-type

theorem for a Hopf algebra can be seen special case of this theorem.
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