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Abstract: We prove that, confined that G > H > P and P is a proper p-subgroup of
H,if HNn 9H < P for any g € G — H, then the operator of the restriction to RH of
RG-modules induces a triangulated equivalence from Stmodp(RG) to Stmodp(RH); if the
normal subgroup H controls the fusion of p-subgroups of G, the restriction functor is a
faithful triangulated functor; if P is strongly closed in H respect to GG, the same functor is
also a faithful triangulated functor.
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§1. Introduction

In representation theory, the stable module category is a category in which projectives are
“factored out.” The stable module category of the group algebra is a classic example of the
triangulated category, it is closed related to the derived category of group algebras and the
structure of block algebras. Many authors contribute their ideas in this field([2]~[3], [6], [8],
[12]).

Many ways focal on this category. The stable module category of the group algebra over a
field was generalized to the stable module category relative to V-projective modules([5]); over an
arbitrary commutative ring however, projective modules are no longer injective, so one needs to
adjust this construction, instead, in [1] the authors use the fact that weakly projective modules
are weakly injective, where “weakly” means relative to the trivial subgroup, to construct the

relative stable category; along this sight, since relative H-projectivity always coincides with
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relative H-injectivity for any subgroup H of G, and since the concept of relative projectivity is
of fundamental importance in representation theory of finite groups, in section 2, we show the
H-relative stable category Stmody (RG), with the method of D. Happel([8]).

Restriction functor is a very natural functor for the module categories of the finite groups,
and even for the stable module categories, while for the relative stable module categories, the
rules are very different. In section 3, we try to set up this functor, and prove that, confined
that G > H > P and P is a proper p-subgroup of H, if HN 9H < P for any g € G — H, then
the operator of the restriction to RH of RG-modules induces a triangulated equivalence from
Stmodp(RG) to Stmodp(RH)(Theorem 3.1), in addition, a similar result holds for the finite
group G with a strongly p-embedded subgroup H(Corollary 3.2), and for the Frobenius group
G with the Frobenius complement H(Corollary 3.3); if the normal subgroup H controls the
fusion of p-subgroups of G, the restriction functor is a faithful triangulated functor(Theorem
3.6); if P is strongly closed in H respect to G, the same functor is also a faithful triangulated
functor(Theorem 3.8).

§2. H-relative Stable Category Stmody (RG)

In this paper, we fix a field R of characterize p and a finite group G with p||G|; with the H-
split short exact sequences of RG-modules, the classical finitely generated RG-module category
mod(RG) is an exact category, and since the relative H-projective RG-module coincides with
the relative H-injective RG-module, mod(RG) is also a Frobenius category([1],[4],[8],[13]). Let
p be the ideal of the Frobenius category mod(RG) consisting of all the morphisms factor through
the H-projective( H-injective) modules, with p we define a quotient category Stmody(RG) as
follow

Stmod g (RG):=mod(RG)/p,

where the objects of Stmody (RG) are the same as the objects of mod(RG), and the morphisms

are as follows
Homgsymody (ra) (M, N)=Homprg (M, N)=Hompgc(M,N)/p(M,N),

M, N € Stmody (RG). Stmody (RG) is called the H-relative stable category.

The following result shows that the skeleton of Stmodgy (RG) is just the full subcategory

consisting of the objects which consist no H-projective direct summands.

Lemma 2.1 Let U,V € Stmody(RG), then U 2 V in Stmody (RG) if and only if there
exist two H—projective RG-modules X and Y such that U g X 2 V &g Y in mod(RG); in
particular, U is H—projective in mod(RG) if and only if U=0 in Stmody (RG).

Proof On the one hand, if U 2 V in Stmodg (RG), then there exist f and g such that
gf =1y and fg = 1y, where f €Hompg(U,V), § €Hompe(V,U); that is, there exist s,t, h, i
such that 1y — gf = ts and 1y — fg = ih, where s € Hompg(U, M), t € Hompe(M,U), h €
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Hompgg(V,N), i € Hompgg(N,V), M and N are H-projective. We have 1y = gf +ts, it means
that the following composition of RG-module homomorphisms is 1y,

T
U (f.s) VarM (9:t) U,
where (f,s)T(u) = (f(u),s(u)), (g,t)(v,m) = g(v) +t(m), w € U, v € V, m € M. Hence,
U|(V ®&r M), similarly, V|(U @ N), that is, there exist two H-projective RG-modules X and
Y such that U ®g X 2V @r Y in mod(RG).

On the other hand, if there exist two H-projective RG-modules X and Y such that Udr X =

V@®rY in mod(RG), then there exist a € Hompa(U ®r X, VOrY) and b € Hompa(V ®rY,
U @ X) such that ba = lyg,x and ab = lyg,y, where

[au a12:| {bu b12}
a = 5 b= )
ag1 a92 b21 b22
a11 € Hompg(U, V), a12 € Hompg(X,V), a1 € Homga(U,Y), azs € Hompa(X,Y), b1 €
HOInRg(‘/, U), big € HOHle(Yv7 [])7 by € HOIIle(V,X), boo € HOng(Y,X). Soly = biian+
bi2az; and 1y = aiibi1 + a12bey, that is, 1y — biiair = bigagy and 1y — apibin = aizboy, it
means that iU = Bllall and IV = (_111(_)11, and then U 2V in StmodH(RG)

Remarks 2.2 (1) If H is the trivial subgroup 1 of G, then Stmody(RG) is just the
ordinary stable category Stmod(RG) in the modular representation of finite groups([6],[12]);

and it is also a relative stable category modulo weak projective modules ([1]);

(2) If R is the quotient field k of a complete discrete valuation ring, and H is a p-subgroup
of G, then Stmodgy(RG) is the V-relative stable module category Stmody (kG) with V =
Indf (k)([5));

(3) If H contains a Sylow p-subgroup of G, then all the objects of Stmody (RG) are the zero
object.

Stmod g (RG) is an additive category; moreover, along the method of D. Happel([8]), for
the H-split short exact sequences of RG-modules

0—-L—1I)—»T(L,I;) — 0,

where I}, is H-injective, k = 1,2. Then, by Schanuel’s Lemma for injective objects in the exact
category mod(RG)([9]), T(L,I,) ® I = T(L,I,) ® I in mod(RG) with I' and I" being H-
injective( H-projective), and then T'(L,I;) = T(L, I3) in Stmody(RG) by Lemma 2.1. Hence,
with T(L) := T(L, I;) we can define an endofunctor T of Stmod (RG).

Similarly, with the H-split short exact sequences of RG-module
0—-TYL,P)— P — L —0,

where P is H-projective, we obtain an endofunctor T—! of Stmody(RG) with T-1(L) :=
T-Y(L,P).

One can check that T and T—! are mutually quasi-inverse.
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For the H-split short exact sequences of RG-modules
0L MEN-O,

consider the following commutative diagram in the exact category mod(RG)

0-LASMEL N S0

(I lg
0—-L— 1 —>T(LI)—0,

where I is H-injective and the rows are H-split short exact sequences. For the above diagram,
f exists in mod(RG) since I is H-projective, g is determined uniquely by the chosen f, and
then, one can check that g is determined uniquely in Stmodg (RG) independent of f.

Hence, we obtain a standard triangle in Stmodg (RG) as follow

LMY NLT0). (1)
We define the diagram

X =Y —7Z-T(X)

in Stmody(RG) to be a distinguished triangle if and only if it is isomorphic to a standard
triangle, where the suspension functor T’ can be given by taking cosyzygy(with respect to the
H-split exact structure in mod(RG)).

With the above structures of triangles, D. Happel’s presentation shows that the quotient
category of any Frobenius category is a triangulated category([8, Chapter 1.2]). In particular,
Stmod g (RG) is a triangulated category.

§3. The Restriction Functor for Stmody (RG)

Theorem 3.1 Let G > H > P with P being a proper p—subgroup of H; if p1 |G : H|
and HN 9H < P for any ¢ € G — H, then the operator of the restriction to RH of RG-
modules induces an equivalence from the triangulated category Stmodp(RG) to the triangulated
category Stmodp(RH).

Proof The functor is defined as follow
Res$ (M) := Res$; (M), Res%(f):= Res%(f)
for any M, N € Stmodp(RG) and f € Hompg(M, N).

(i) If U is a P-projective RG-module, we prove that, Res% (U) here is a P-projective RH-
module. It means that the functor Res$ is well-defined.

We set U|Ind% (W) for some RP-module W ([13, Proposition 11.3.4]), then
Res$(U)|Res$ Ind% (W), and

ResGInd3(W) = @  Indjj, .p(°W) (2)
g€[H\G/P)]
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by Mackey decomposition formula([13]).
In (2), each Ind¥ . ,,(9W) is (H N 9P)-projective RH-module, while

HN 9P =P g=1;, HNP<HNH<P, g#1

and then each Ind . ,,(9W) is a P-projective RH-module, so is Res% (U)([13, Proposition
11.3.4]).

It means that, Res%(U) is the zero object of Stmodp(RH)(Lemma 2.1); and moreover, for
any M, N € Stmodp(RG) and f € Homgg(M, N), if f = 0 in Hompg(M, N), then Res%(f) =
Res$(f) = 0 in Hompy (M, N). Based on the above, one can check that the functor Res% is
well-defined.

(ii) One can check that Res$ is an additive functor from Stmodp(RG) to Stmodp(RH),
since the functor Res% from mod(RG) to mod(RH) is additive.

(iii) For any standard triangle
L% MY NLT()
of Stmodp(RG) in (1), we see that
Res$ (L) % Res (M) 2 Res(N) 2% T(ResS (L)),

is a distinguished triangle of Stmodp(RH) because ¢ : Res% (T (L)) — T(Res% (L)) is isomor-
phic. So the functor Res$ is a triangulated (exact) functor.

(iv) Let M, N € Stmodp(RG) and f € Homgg (M, N), suppose that Res%(f) = 0, that is,
the restriction of f to H can factor through a P-projective RH-module U, f =yz,x: M — U,

y:U — N, z and y are RH-module homomorphisms.

We define the map ¢ and ¥ as follows

©: M — IndS(U), m+— Z g @ (g7 m), me M;
9:€G/H

Y : Ind%(U) — N, Z i @ U r— Z giy(u), u e U.
9:€G/H 9:€G/H
Then ¢ and ¥ are RG-module homomorphisms, and one can check that vp = |G : H|f,
Ji: (ﬁd})gp So f factors through Ind$%(U), while Ind%(U) is a P-projective RG-module,
f =0 in Stmodp(RG). The functor Resg is faithful.

(v) Finally, we show that Res$ is essentially surjective and full. Let w € Hompgg(V, W),
then
p: IndG(V) — IndG (W), ¥ gi®@vi— Y gi@w(v), g € [G/H]

is an RG-module homomorphism.

ResiIndG (V)= @ Indfin.uCV)=Va( P  Indi,.uV) (3
g€E[H\G/H] 1#£g€[H\G/H]
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ifge G—H, HN 9H < P, each IndZ_ ,;(9V) in (3) is a P-projective RH-module, and
then by Lemma 2.1 Res%Ind% (V) = V in Stmodp(RH). It means that Res$ is essentially

surjective.

Similarly, Res$%Ind% (W) = W in Stmodp(RH), and the above two isomorphisms are
provided by

i:V — ResGIndG(V), vi— 1Quv, veV

and

p: Res$ IndG (W) — W, Zgi ®v; — vy, g1 = 1.
w=7p-p-i, where i and p are RH-module homomorphisms. So Resg(ﬁ) =0, Resg is full.
Summing up the above, Res$ is an equivalence from Stmodp(RG) to Stmodp(RH).

Recall that a proper subgroup H of G is said to be strongly p-embedded in G if p||H| but
p does not divide |H N HY| for any g € G — H. In fact, the strongly p-embedded subgroup H

of G must contain the normalizer of any non-trivial p-subgroup of G([10]).

Corollary 3.2 Let G > H > P with P being a proper p-subgroup of H; if H is a
strongly p-embedded in G, then the operator of the restriction to RH of RG-modules induces
a triangulated equivalence from Stmodp(RG) to Stmodp(RH).

Proof If H is strongly p-embedded in G, then for any g € G — H, |[HN 9H]| is a p'-
subgroup of G, and |H N 9P| is also a p/-subgroup of G. Hence, each Ind . ,5(9V) in (2) of
the proof of Theorem 3.1 is P-projective, or is 1-projective(weak projective in [1]), that is, is
projective relative to the trivial RG-module([13, Proposition 11.3.5]); and each Ind ,;(9V)
in (3) of the proof of Theorem 3.1 is a l-projective RH-module, and then, each of them is

P-projective, too.

It means that, following (i) of the proof of Theorem 3.1, the functor Res is also well-defined
herein, and following (v) of the proof of Theorem 3.1, the functor Res$ is essentially surjective
and full.

Similarly, following (ii) and (iii) of the proof of Theorem 3.1, the functor Res% is triangu-
lated. Moreover, since H contains the Sylow p-subgroup of G, p 1 |G : H|, hence, following
(iv) of the proof of Theorem 3.1, the functor Res$ is faithful. So the functor Res$ induces a
triangulated equivalence from Stmodp(RG) to Stmodp(RH).

A finite group G is called a Frobenius group if there exists a non-trivial subgroup H of G
such that HNHY = 1(the trivial subgroup) for any g € G — H; here H is the so-called Frobenius

complement in Frobenius Theorem([15]).

Corollary 3.3 Let G be a Frobenius group with the Frobenius complement H; if P
is a proper p-subgroup of H and p { |G : H|, then the operator of the restriction to RH of
RG-modules induces a triangulated equivalence from Stmodp(RG) to Stmodp(RH).

Proof It follows from Theorem 3.1.

Corollary 3.4 Let G > H > 1 such that Ng(K) < H for any non-trivial subgroup K of
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H;if pt|G: H|, then for any proper p-subgroup P of H, the operator of the restriction to RH
of RG-modules induces a triangulated equivalence from Stmodp(RG) to Stmodp(RH).

Proof By [14, Lemma 2.1] we see that G is a Frobenius group with the Frobenius com-
plement H, and H contains a Sylow p-subgroup of G; so the result follows from Corollary
3.3.

Corollary 3.5 Let G > H > 1 such that Ng(K) < H for any non-trivial subgroup K of
H, then for any proper p-subgroup P of H, the operator of the restriction to RH of RG-modules
induces a triangulated equivalence from Stmodp(RG) to Stmodp(RH).

Proof Since H contains a Sylow p-subgroup of G, it is true by Corollary 3.4.

We say that a subgroup H of G controls the fusion of p-subgroups of G if H contains a Sylow
p-subgroup @ of G, and whenever P < @) and g € G such that 9P C @, there exist € Cg(P)
and h € H such that g = hx. For example, if H is a subgroup of G with G = HO,, (G), where
p is a prime and O, (G) means the maximal normal p/—subgroup of G, then H controls the
fusion of p-subgroups of G([3]).

Theorem 3.6 Let G> H; if pt|G: H| and H controls the fusion of p-subgroups of G,
then for any proper p-subgroup P of G, the operator of the restriction to RH of RG-modules
induces a faithful triangulated functor from Stmodp(RG) to Stmodp(RH).

Proof In the case, we note that, G and H have the same Sylow p-subgroups. Moreover,
the following Res$) is a well-defined functor from Stmodp(RG) to Stmodp(RH):

Resg(M) = Resg(M), Resfl(f) = Res%(f),

where M, N € Stmodp(RG), f € Hompg(M, N).

Indeed, if U is a P-projective RG-module, let U|Ind%(W) for some RP-module W ([13,
Proposition 11.3.4]), then Res% (U)|Res$Ind%(W), and

ResGInd§(W) = @ Indli p(W) = @ Indlip(W) @)
g€[H\G/P] 9€[G/H]

by Mackey decomposition formula([13]).

Since H is normal in G and controls the fusion of p-subgroups of GG, we see that, H contains
a Sylow p-subgroup Q, HN 9P = 9P < 9Q < H, and 9Q = "Q for some h € H since 9Q
is also a Sylow p-subgroup of H. Hence, hing = Q, h'gp < Q, and then h=1g € HCg(P),
that is, g € HCg(P).

From the above, HN 9P = 9P = "P for some h € H, and Ind¥ ,p (W) = Indf', (W),
it means that each Ind2_ ,, (W) in (4) is a " P-projective RH-module for each g € [G/H],
and then, it is a P-projective RH-module([7, Theorem 2.7]). Hence,

@ Indfe, o p(*W)
9€|G/H]

is a P-projective RH-module, so is the direct summand Res% (U).
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It means that, similar as (i) in the proof of Theorem 3.1, Resg is well-defined. And the
same as (ii) and (iii) of the proof of Theorem 3.1, it is a triangulated functor; moreover, since
p 1 |G : H|, following (iv) in the proof of Theorem 3.1, the functor Res$ is also faithful. So
Res$, is a faithful triangulated functor from Stmodp(RG) to Stmodp(RH).

Corollary 3.7 Let G > H; if H controls the fusion of p-subgroups of G, then for any
proper p-subgroup P of G, the operator of the restriction to RH of RG-modules induces a
faithful triangulated functor from Stmodp(RG) to Stmodp(RH).

Proof It follows from Theorem 3.6.

Let G > H > K, we say K is strongly closed in H respect to G if g € H implies that
g¢ € K, for any k € K and g € G; in the case, when H is a Sylow p-subgroup of G, K is
abbreviated as a strongly closed p-subgroup of G([16]).

Theorem 3.8 Let G > H > P with P being a proper p-subgroup of H; if p { |G : H|
and P is strongly closed in H respect to G, then the operator of the restriction to RH of
RG-modules induces a faithful triangulated functor from Stmodp(RG) to Stmodp(RH).

Proof Firstly, for the functor Resfl defined in the proof of Theorem 3.1, now we prove
it can be well-defined herein, too.

Indeed, since P is strongly closed in H respect to G, HN 9P < P for any g € G, it means
that, each Indf ,5(9V) in (2) of the proof of Theorem 3.1 is P-projective, hence, following
(i) of the proof of Theorem 3.1, the functor Res% is also well-defined herein.

Secondly, similar as (ii),(iii) and (iv) of the proof of Theorem 3.1, the functor Res$ is
faithful and triangulated. So the functor Res$ induces a faithful triangulated functor from
Stmodp(RG) to Stmodp(RH).

Corollary 3.9  Let the proper p-subgroup P of G be a strongly closed p-subgroup (in
the Sylow p-subgroup H), then the operator of the restriction to RH of RG-modules induces a
faithful triangulated functor from Stmodp(RG) to Stmodp(RH).

Proof It follows from Theorem 3.8.
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