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Abstract: In this paper, we classify the simple uniformly bounded weight modules for
the vector field Lie algebra Weo of infinite rank. It turns out that any such modules are
intermediate series modules. This result is very different from the vector field Lie algebra
Wy of finite rank.

Keywords: Vector field Lie algebra; Weight module; Intermediate series module

2000 MR Subject Classification: 17B10,17B20

CLC number: 0152.5 Document code: A

Article ID: 1002-0462 (2020) 02-0194-05

DOI: 10.13371/j.cnki.chin.q.j.m.2020.02.007

81. Introduction

Among the theory of infinite dimensional Lie algebras, Lie algebras of polynomial vector
fields on irreducible affine algebraic varieties is an important class of Lie algebras. This kind of
Lie algebras can describe the symmetries of systems having an infinite number of independent
degrees of freedom, for example in Conformal Field Theory, see [2]. Unlike the finite dimensional
simple Lie algebras, the representation theory of vector fields Lie algebras at large is still not
well developed.

The Lie algebra W of vector fields on a circle is the centerless Virasoso algebra which
plays an important role in the quantum field theory. The theory of weight representations of
W7 is well developed, we can refer to the recent monograph [7] for a detailed survey. In [11],
Mathieu showed that any simple weight Wi-modules with all finite dimensional weight spaces is
a highest/lowest weight module or an intermediate series module. In [12], it was further shown
that if a simple weight W3-module has a nonzero finite dimensional weight space, then all its
weight spaces are finite dimensional.

For d > 1, the representation theory of Lie algebra Wy of vector fields on the d-dimensional
torus was studied by [1,5,6,9,10,13] and so on. In [4], Billig and Futorny classified all irreducible
Harish-Chandra Wy-modules. In particular, it was shown that irreducible bounded weight
Wa-modules can be constructed from simple finite dimensional modules over gl;. It is a natural
problem to classify simple bounded weight modules for the direct limit Lie algebra W, :liﬂWd.

In fact, we found that some problems of representation theory of W, is much simpler than
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Wg. We showed that simple uniformly bounded weight modules for W, are intermediate series
modules.

We denote by Z, Z,, N and C the sets of all integers, nonnegative integers, positive integers
and complex numbers, respectively. For any Lie algebra g, we denote its universal enveloping
algebra by U(g).

§2. Preliminaries

In this section we will collect notations and related results.

2.1. Witt algebra W,; and W

For a positive integer d, we denote by W, the derivation Lie algebra of the Laurent

polynomial algebra Aq=Clzi!,-- ,xflﬂ]. The elements of A, are spanned by 2" ==z

where r = (ry,r9,-+,74) € Z. Set ﬁizzi% for i=1,2,...,d. Then

T1 T2

rq
1Ty

Wy=Der(Aq) =Spanc{z"d;li€ {1, - ,d},r € Z}
called the Witt algebra and its Lie bracket is given by
[270;,2°0;) = s;2" 720 —rja" 40,

We can see that hy=Spanc{0,0s,...,04} is a Cartan subalgebra of Wj.

In what follows we consider a fixed infinite chain of embeddings of simple Lie algebras
Wi—=sWy— o Wy —=Waig—---.

We define W, to be the direct limit Lie algebra W, :Hng, i.e., W, =Der(Ay), where
Ao =Clzf!,-- ,x§1,~-~]. Then

hoo =Spang{01,02,...,04,...

is a Cartan subalgebra of W,.

2.2. Weight modules.

For a deZU{oo}, we called a Wi-module M a weight module if the action of hg on M is
diagonalizable. i.e.

My={meM|hm=A(h)m,Y heby}.
We denote the support of a weight module by
SuppM ={A€hy| M #0}.

A uniformly bounded weight modules M of Wy is a weight module whose all weight
multiplicities are bounded, i.e., there exists IV €N such that dim M, <N for all A€h};. When
the dimensions of all weight spaces of a weight module M are 1, we called the Wg-module M
intermediate series modules.
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2.3. Tensor field modules for W,.

Let gl; be the Lie algebra consisting of all d x d complex matrices. We denote by F;; the
matrix with 1 as (¢,7)-th and 0 as others. Let h=Span{h;|1 <i<d—1} where h;=F;; — E; 11 ;11.

Let At ={\eb*|\(h;) €Z4, for i=1,2,...,d— 1} be the set of dominant weights with respect
to h. For any ¢ € AT, let V() be the simple sl,,-module with highest weight 1. We make V (¢))
into a gl, module V(¢,b) by defining the action of the identity matrix I as some be C.

It is known that the exterior product A"(C4)=C4A---AC? (k times)is a gl;-module by

X(vi A Avg)=v1 A0 AXv; - Ao, VX € gl

and as gl;-modules:

k
ACHZV (6, k), W1 <k <d-1,

where 65 € h* is the the fundamental weights defined by 6;(h;) =0y ; for all k,j=1,2,---,d—1.

Denote F'(1),b) =V (1,b) ® Aq for any » € AT,b€C, and a € C?. Then F*(3,b) becomes a
Wy-module (see [9,15]) by defining

d
2" 0;(v@r") = (n;+a) vzt + Z(Tj Ejv)@z"t.
j=1

In 1996, Eswara Rao determined the necessary and sufficient conditions for these modules
to be irreducible, see [5].

A simplified proof was given in [3]. In [4], it was showed that any irreducible bounded

weight modules over Wy is isomorphic to some irreducible sub-quotient of F<(1,b) for some
peAT and beC.

83. Classification of simple bounded weight modules
In this section, we will give the classification of simple bounded weight W,-modules.

3.1. Some lemmas

For f=(51,02,...) EZ>, let

In particular, Uy is the centralizer of hoo in U(Ws). We also denote U(Wy)o=U(W4)NUjp.
Lemma 3.1. If M is a simple weight W.-module and A€ SuppM, then My is a simple
Uy-module.

Proof. Since M is a simple weight W,-module, we have U(W,)-v=M for any nonzero
vEMy. It is clear that U(Ws) =D gz~ Us with respect to the adjoint action of . Hence

UWs) v=(ED Us)-v=" 5 My,
BEZ> AESuppM

It shows that Ug-v= Mg,y for every B €Z>. In particular, Uy-v= M) for any nonzero v &€ M.
So M, is a simple Uy-module. O
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Lemma 3.2. Let M be a simple weight Wo,-module with all finite-dimensional weight spaces
and A€ SuppM. Then there exists a k€N such that My is a simple U(Wy)o-module for any
d>k.

Proof. By Lemma 3.1, M) is a simple Up-module. Let

,OIUQ —)Endc(M,\)

be the representation associated with the Uy-module M,. By the density Theorem, p is an

epimorphism. Since End¢ (M) is finite dimensional, there is a k € N such that the restriction
pluwiye :U(Wk)o — Ende(My)

is also an epimorphism. So M) is a simple U(W})o-module, and hence a simple U (W;)o-module
for any d >k, since U(Wy)o CU(Wy)o . O

3.2. Simple uniformly bounded modules for W..
Lemma 3.3. Let L be a simple uniformly bounded Wy-module which is not multiplicity-free,
where d€N with d>1, A€ SuppL. Then dim L)y >d.

Proof. By the result in [4], we know that L= F*(1),b), for (1,b) # (dk,k), or L=EW (o, k),
where

W(a,k)= P (Cn+B)ACI A ACH@a"
nezd
is a simple Wy-submodule of F*(d;,k), 1<k<d—1.
So dim Ly =dimV (¢,b) for (1,b) # (dk, k), or dim Ly = (kil). If (¢,b) # (O, k), then V(1,b)
is a simple faithful module over sly, and hence dimV (¢,b) > d. Then the proof follows. O
Next we will recall the intermediate series module for W, defined in [16]. For a« € C*,b€C,
there is a Ws,-module structure on A, such that

(270;) 27 = (c; +7; +br))x"T", yEZ®ieN.

We denote this W,-module by V, ;. Clearly, Vo, = Vyiy, for any v€Z™.
Lemma 3.4.

(a). The Weo-module Vo, is reducible if and only if a« € Z>° and b€ {0,1}.

(b). Vo=V if and only if a —a’ €Z*° and b=V'.

If «€Z* and b=0, then Cz~% is the unique trivial submodule of V, o. If « €Z* and
b=1, then ©,-+_,Czx" is the unique nontrivial irreducible submodule of V, ;. We use Vcc)b to
denote the nontrivial irreducible sub-quotient of Vi, 5, i.e., V), =V, if a@Z> or b¢Z{0,1}.
Vi o0=Va,0/Cx™ Vi 1 =®% oCx if a€Z> and be {0,1}.
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