Chin. Quart. J. of Math.
2014, 29 (2): 195—202

Probability Inequalities for
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Variables and Their Applications
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Abstract: Some probability inequalities are established for extended negatively dependent
(END) random variables. The inequalities extend some corresponding ones for negatively
associated random variables and negatively orthant dependent random variables. By using
these probability inequalities, we further study the complete convergence for END random
variables. We also obtain the convergence rate O(n~'/?1n'/?n) for the strong law of large
numbers, which generalizes and improves the corresponding ones for some known results.
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§1. Introduction

Firstly, let us recall the concept of extended negatively dependent random variables.

Definition 1.1 We call random variables {X,,,n > 1} extended negatively dependent
(END, in short) if there exists a constant M > 0 such that both

P(X1>$1,X2>.’1?2,-",Xn>$n)§MHP(Xi>.’L‘i) (1.1)

=1

and .
P(X1§I1,X2S$2,"',XnSIn)SMHP(XiS%) (1.2)

i=1
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hold for each n > 1 and all real numbers x1, z2, -+, Tp.

If M = 1, the random variables are called negatively orthant dependent(NOD, in short).
For more details about NOD random variables, one can refer to Joag-Dev and Proschan[?,
Want et al®4, Sung!®, Wul®| and so forth. The concept of END sequence was introduced by
Liul"!. Some applications for END sequence have been found. See for example, Liul!! obtained
the precise large deviations for dependent random variables with heavy tails, Liul” studied
the sufficient and necessary conditions of moderate deviations for dependent random variables
with heavy tails, Chen et all®! for obtained the strong law of large numbers for END random
variables, Shen!”) presented some probability inequalities for END sequence and gave some
applications, Wang and Wang!'?! investigated the extended precise large deviations of random
sums in the presence of END structure and consistent variation, and so forth. It is easily
seen that independent random variables and NOD random variables are END. Joag-Dev and
Proschan!?! pointed out that NA random variables are NOD. Thus, NA random variables are
END. Since END random variables are much weaker than independent random variables, NA
random variables and NOD random variables, studying the limit behavior of END sequence is
of interest.

It is well known that the probability inequality plays an important role in various proofs of
limit theorems. We consider the following probability inequality. For proof, one can refer to
Hoeffding!"!.

Theorem A If Xy, X5, .-+, X, are independent and a; < X; < b;(i = 1,2,--- ,n),
then for any ¢t > 0,

= = 2n212
P (ZX’ - ZEXi > nt) <exp{——F—,, n>1L (1.3)
i=1 i=1 S (b — a;)?

i=1
Since then the inequality was extended to some cases of dependent sequences, such as negatively
associated(NA, in short) sequence, negatively orthant dependent(NOD, in short) sequence, and
so forth. The main purpose of the paper is to extend Theorem A for independent sequence to the
case of extended negatively dependent(END) sequence, which contains independent sequence,
NA sequence and NOD sequence as special cases. By using the Hoeffding-type inequality, we
further study the complete convergence and strong law of large numbers for END sequence. We
obtain the convergence rate O(n~1/2 In'/? n) for the strong law of large numbers, which gener-
alizes and improves the corresponding ones of Kim and Kim['?!, Nooghabi and Azarnoosh!*3!,
Xing et al'¥ and Jabbari et all'®!.

The following lemmas will be used to prove the main results of the paper.

Lemma 1.1 Let random variables X;, X5, ---, X, be END.
(i) If f1, f2, -+, fn are all nondecreasing(or nonincreasing) functions, then random vari-
ables f1(X1), fo(Xa), -+, fu(X,) are END.

(ii) For each n > 1, there exists a constant M > 0 such that
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Lemma 1.2 If X is a random variable such that a < X < b, where a and b are finite real

numbers, then for any real number h,

b—EX ,La+EX @ hb

EeX <
c = b—a b—a

(1.5)

Proof Since the exponential function exp (hX) is convex, its graph is bounded above on
the interval a < X < b by the straight line which connects its ordinates at X = a and X = b.
Thus wh b

thge —¢ (Xia)+eha:b7Xeha+X7aehb’
b—a b—a b—a

which implies (1.5).
Throughout the paper, let {X,,,n > 1} be a sequence of randorn variables defined on a fixed
probability space (2, F, P). Denote S,, = Z X; and B2 = Z EX? for each n > 1. M denotes

i=1 =
a positive constant which may be different in various places.

§2. Main Results and Their Proofs

Theorem 2.1 Let {X,,n > 1} be a sequence of END random variables. If there exist
two sequences of real numbers {a,,n > 1} and {b,,n > 1} such that a; < X; < b; for each
t > 1, then for any € > 0 and each n > 1, there exists a constant M > 0 such that

P(S,—ES, >ne) < Mexp{ ———— 5, (2.1)

2.2
P (S, —ES, <-—ne) < Mexp _n2n76 (2.2)
> (b —a;)?
=1
and
2.2
P(1S, — ESy| > ne) < 2Mexp 4 ——21= | (2.3)
> (bi — a;)?
i=1

Proof For any h > 0, by Markov’s inequality, we can see that
P (S, — ES,, > ne) < EeMSn=ESn—ne), (2.4)
It follows from Lemma 1.1(ii) that there exists a constant M > 0 such that
Fe(Sn—ESn—ne) _ ,~hne p (H eh(xi—EX,i)> < Mehme HEeh(Xi_EX'i). (2.5)

i=1 i=1

Denote FX; = p; for each i > 1. By a; < X; < b; and Lemma 1.2, we have

Feh(Xi—EXi) < o—hu (Zl ~ Hi gha; o Hi T % hb, > = el(hi), (2.6)

- P — @ b; — a;
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where
h; Hi — Gy
L(hi) = =hipi +In(1 = pi +pie™), hi = h(bi —ai), pi=3——.
The first two derivatives of L(h;) are
’ 7 " o 1 - ] 7h7'
L (hi) = —pi + b L (hi) = pill = poJe (2.7)

(1 —pi)e~hi +p;’ (1= pi)e=hi +pi)*

The last ratio is of the form u(1 — u), where 0 < u < 1. Hence

L// (hz) _ (1 _pi)e_hi (1 _ ( (1 —pi)e—hi ) < % (28)

(I =pi)e~" +p; 1—pi)e~ + p;

Therefore, by Taylor’s formula and (2.8), we can get
’ Lo 1.5 1.5 2
It follows from (2.6) and (2.9) that

EehXi—EXi) < oxp {;hQ(bi — ai)Q} ) (2.10)

By (2.4), (2.5) and (2.10), we have

P (S, — ES,, > ne) < Mexp {—hns + éhQ Z(bZ - a,-)Q} . (2.11)

=1

It is easily seen that the right-hand side of (2.11) has its minimum at h = —_dne
> (bi—ay)?
i=1

this value in (2.11), we can obtain (2.1) immediately. Since {—X,,n > 1} is a sequence of END

random variables, (2.1) implies (2.2). (2.1) and (2.2) yield (2.3). The proof is complete.

. Inserting

Corollary 2.1  Let {X,,,n > 1} be a sequence of END random variables with common
distribution function F. Then for any € > 0 and any « € R, there exists a constant M > 0 such
that

P (Fu(z) — F(z) > ) < Mexp {—2ne*}, n>1, (2.12)
P (Fn(z) — F(z) < —e) < Mexp {—2ne’}, n>1 (2.13)

and
P (|F,(z) — F(z)| > €) < 2Mexp {—2ne*}, n>1, (2.14)

where F,,(z) = = > I(X; < x) and I(A) stands for the indicator function of the set A.
i=1

1

Proof For fixed z, by Lemma 1.1(i), it is easily seen that {I(X, < z),n > 1} is a
sequence of END random variables satisfying 0 < I(X,, < z) <1, n > 1 and E(F,,(z)) = F(x).
Therefore, (2.12)~(2.14) follow from Theorem 2.1 immediately.

Corollary 2.2  Under the conditions of Corollary 2.1, F,,(z) — F(x) completely for any
x €R.
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Theorem 2.2  Let {X,,n > 1} be a sequence of END random variables with | X;| < ¢ <
oo for each i > 1, where c is a positive constant. Then for any r > %,

n~"(S, — ES,) — 0, completely, n — oo. (2.15)

Proof For any € > 0, it follows from Theorem 2.1 that

1
oo , oo 52 n
;P(\Sn—ESM >n 5)§2Mn¥1 [exp <_202)] < o0,

which implies (2.15).

Theorem 2.3 Let {X,,,n > 1} be a sequence of END random variables with EX,, =0
for each n > 1. If there exists a sequence of positive numbers {c,,n > 1} such that |X;| < ¢;
for each ¢ > 1, then for any ¢ > 0 and n > 1, there exists a constant M > 0 such that

FEexp {tZXZ} < Mexp {2ZetCiEXi2}.

i=1 i=1
Proof It is easy to check that for all z € R, the following inequality holds
s <14+z+ %ﬁe\zl_
Thus, by EX; =0 and |X;| < ¢; for each ¢ > 1, we have
EetXi <1+tEX; + %tQE | xzet ]
=1+ %tQE [Xfet‘xiq
<1+ %thtciEXf
< exp {;thtciEXf} (2.16)

for any ¢ > 0. By Lemma 1.1 and (2.16), there exists a constant M > 0 such that

Eexp {tZXZ} < M[[Ee™ < Mexp {2 ZetciEXf} : (2.17)
i=1

i=1 i=1
This completes the proof of the theorem.

Corollary 2.3 Let {X,,n > 1} be a sequence of END random variables such that
| Xi| < ¢; for each i > 1, where {¢,,n > 1} is a sequence of positive numbers. Then for any
t > 0 and n > 1, there exists a constant M > 0 such that

n t2 n ot )
R . < Ci < . .
Eexp {t E (Xz EXZ)} Mexp { 5 ZE - e EX,L (2 ].8)

i=1

Proof It is easily seen that {X,, — EX,,,n > 1} is a sequence of END random variables
with E(X; — EX;) = 0 and |X; — EX;| < 2¢; for each ¢ > 1. By Theorem 2.3, there exists a
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constant M > 0 such that

i=1

t2
< Mexp {2 D e B(X; - EXZ-)Q}

i=1
ﬁ - 2tc; 2
< Mexp 5 Ze EX; .

The proof is complete.
Similarly, we can get the following corollary.

Corollary 2.4 Let {X,,n > 1} be a sequence of END random variables such that
| X;| < ¢y, foreach 1 < i <n,n>1, where {¢,,n > 1} is a sequence of positive numbers. Then
for any ¢t > 0 and n > 1, there exists a constant M > 0 such that

n 2 n
Eexp {t Z(Xl — EXl)} < Mexp {I;e%c" ZEXZQ} . (2.19)
i=1

=1

Theorem 2.4 Let {X,,,n > 1} be a sequence of END random variables such that | X;| <
cp for each 1 <4 < mn, n > 1, where {¢,,n > 1} is a sequence of positive numbers. Then for
any ¢ > 0 such that ¢ < eB2/(2¢,) and n > 1, there exists a constant M > 0 such that

P (_zn:(xi —EX;) > 5) < Mexp {—2592 } , (2.20)
P (Xn:(xi — BX;) < 5) < Mexp {25; } (2.21)

and
n

> (Xi - EX;)

i=1

2
P ( > 5) < 2Mexp {—2532 } : (2.22)
€ n

Proof By Markov’s inequality and Corollary 2.4, we have that for any ¢ > 0, there exists
a constant M > 0 such that

P <i<X’ - EX;) > 5)

i=1
< e"* Fexp {t Z(Xl - EXl)}
i=1
2 o
< Mexp {—ta + 262“”BZ} . (2.23)

Taking t = ¢/(eB2), and noting that 2tc,, < 1, we can obtain (2.20). By (2.20),

P (i(xi — EX;) < —5> =P (i(—xi — BE(-X;)) > e) < Mexp {—2:;2} . (2.29)

=1 =1
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since {—X,,n > 1} is a sequence of END random variables. Combining (2.20) with (2.21), we
can get (2.22) immediately. This completes the proof of the theorem.

Corollary 2.5 Let {X,,n > 1} be a sequence of identically distributed END random
variables. Assume that there exists a positive integer ng such that | X;| < ¢, for each 1 < i <n,
n > ng, where {¢,,n > 1} is a sequence of positive numbers. Then for any € > 0 such that
e < eEX%/(2c,) and n > ng, there exists a constant M > 0 such that

n TL€2
L ) > < - .
P (Z(Xl EX;) > ns) < Mexp { eEX? } , (2.25)

i=1

n TLE2
- )< — < R — .
P (Z(XZ EX;) < na) < Mexp { ok X%} (2.26)

i=1
P (

Theorem 2.5 Let {X,,,n > 1} be a sequence of identically distributed END random
variables. Assume that there exists a positive integer ng such that | X;| < ¢, for each 1 <i <n,

and
n

> (Xi— EX))

i=1

2
> ne) < 2Mexp {—2;‘5}(2} . (2.27)
1

n > ng, where {c,,n > 1} is a sequence of positive numbers satisfying

Bx2\ /3
0<cy < (en81> . (2.28)
Denote ¢, = \/2eEX?%c, /n. Then for n > ng, there exists a constant M > 0 such that
1 n
Pl - Xi—EX))| >en | <2Me . 2.29
(330 x| > o) < e 220

Proof It is easy to check that 2e,c, < eEX? and ne?/(2eEX?) = ¢,. It follows from
Corollary 2.5 that for n > ng, there exists a constant M > 0 such that

p(l
n

The proof is complete.

n

> (Xi - EX;)

i=1

2
> €n> < 2Mexp {— e } =2Me™ .

2eEX?

Taking ¢, = dIlnn and § > 1 in Theorem 2.5, we can get the following result.

Theorem 2.6 Let {X,,n > 1} be a sequence of identically distributed END random
variables. Assume that there exists a positive integer ng such that |X;| < dlnn for each
1 <i<n,n>ngand some § > 1. Denote &, = y/25e EX?Inn/n. Then

s 1
(s

n

> (Xi - EX;)

=1

> 5n> < 0. (2.30)

Remark 2.1  Borel-Cantelli lemma implies that 1 Y~ (X; — EX;) converges almost surely
i=1
with growth rate O(n='/2In'/? n) under the conditions of Theorem 2.6, which generalizes and

improves the corresponding ones of Kim and Kim!'2l, Nooghabi and Azarnoosh!!3]

all and Jabbari et all'5],

, Xing et
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