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Hochschild Homology of Tame Hecke Algebras
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Abstract: Let A be a tame Hecke algebra of type A. A new minimal projective bimodule
resolution for A is constructed and the dimensions of all the Hochschild homology groups
and cyclic homology groups are calculated explicitly.
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§1. Introduction

Hecke algebras play an important role in combinatorics and representation theory. They
arise as deformations of the group algebras of finite Coxeter groups and appear as endomor-
phism algebras of induced representations of finite or p-adic Chevalley groups. They appear as
endomorphism algebras of induced representations of finite or p-adic Chevalley groups and give
rise to the Kazhdan-Lusztig polynomials which appear in the expression of the canonical basis in
terms of the natural basis of Hecke algebras. The Hecke algebra is also present in the geometry
of a semisimple group via the equivariant K-theory of the Steinberg variety. This connection
plays an important role in the Springer correspondence and the Langlands classification. So

there are many good reasons to study the Hecke algebras and their representations.

The methods and techniques of Homological algebra has become an essential tool in the
study of the algebraic structure and representation theory. Using the homological methods
study the Hecke algebras has made a lot of results. In [17], the authors use Hochschild coho-
mology as a tool to explore those deformations of skew group algebras that satisfy an expanded
definition of graded Hecke algebra. In [15], Opdam and Solleveld study the homological proper-
ties of modules over an affine Hecke algebra and prove a comparison result for higher extensions
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of tempered modules when passing to the Schwartz algebra, a certain topological completion
of the affine Hecke algebra. For the symmetric group S, in [6] and [12], the authors show that
there are just two Morita types of tame blocks of Hecke algebras H,(S,) of type A whenever
g = —1 and charK # 2. This two tame blocks are represented by the principal blocks of H_1(S5)
and H_1(S4), which are Morita equivalent to A = KQ/I and A’ = KQ'/I’, respectively. Where

the quivers and ideals are as follows
Q: sxf\1<a>2 g I = (0, ca, ae, éa, €2 — aa, 2 — aa
g -
(0%

and
Q: = C 1 ﬁ(f 2 I' = (ea, ag, €2 — (a@)?).

By [14], this two Morita types of tame blocks of Hecke algebras H,(S,,) are generalized Brauer
tree algebras of same type and so that they are derived equivalence. Moreover, the algebras A
and A’ are selfinjective special biserial algebras, and A is even symmetric Koszul. In this paper

we are interested in Hochschild homology of Hecke algebras of type A.

The Hochschild homology and cohomology are subtle variants and derived variants of finite-
dimensional algebra and play a fundamental role in representation theory of associative algebra.
Let A be a finite-dimensional algebra(associative with unity) over a field K. Denote by A® :=
A°P ®g A the enveloping algebra of A. Then the i-th Hochschild homology of A is identified
with the K-spaces(see [5])

HH;(A) = Tor (A, A).

Hochschild homology is closely related to the oriented cycle and the global dimension of algebras
[1, 9-11]. But in general, it is hard to calculate all the Hochschild homology for a given finite-
dimensional algebra. For the Hecke algebras of type A, the Hochschild cohomology is calculate
in [7] and [16] and the Hochschild cohomology ring is consider in [16] and [18]. In this paper,
we calculate the K-dimensions of all the Hochschild homology groups of Hecke algebras of type
A by constructing a new minimal projective bimodule resolution for A = KQ/I.

The paper is structured as follows. In Section 2, we give a new minimal bimodule projective
bimodule resolution of A by a family of bases of Koszul dual of A and in Section 3, we use
the closed paths in K@ to give a presentation of the homology complex of A by the minimal
bimodule projective bimodule resolution. Furthermore, the K-dimensions of all the Hochschild
homology groups are calculated and whenever charK = 0, the K-dimensions of all the cyclic
homology groups are given. Since Hochschild homology is invariant under derived equivalence,

our result gives information for arbitrary tame blocks of Hecke algebras of type A.

Throughout this paper, we fix K an algebraically closed field with charK # 2, the algebra
A = KQ/I is the symmetric Koszul algebra defined as above and ® := ®g. Denote by e and
€ the trivial path at the vertex 1 and 2. For any path p in @, we denote by o(p) and t(p) the
trivial paths corresponding to the origin and the terminus of p, respectively.
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§2. Minimal Projective Bimodule Resolutions

In this section, we construct a minimal projective bimodule resolution for algebra A by a

family of bases of its Koszul dual.

Note that A is quadratic, we first consider the Koszul dual A' of A. It is easy to see that
A' =2 KQ/I*, where It is an ideal of KQ generated by {e? + aa, &2 + aa}. Since It is a
homogeneous ideal, A' = KQ/I+ = @;’io Aé is a positive graded algebra by grading on the
length of paths. Note that the bar involution given by e — €, € — e, a— @, ar— a, € +— &
and & — ¢ induces an isomorphism ~: A — A and an isomorphism ~: A' — A' and it can be
extended to an isomorphism of A by a®”? @ b+— a°® @b for all a, b € A. Then, a = a for any a
in A or A"

Denote by (aZac)! the path given by afae repeat | times with length 41 for any [ > 1,
(azae)? = e and denote by
t ifi=4l,1>1;
la, ifi=4l+1,1>0;
laé, ife=4l+2,1>0;
laga, ifi=41+3, 1> 0.

We have a K-basis of homogeneous space A', as following form
— {fln — &_nfiai’ Jc"in — —nfie’i | 0 <i< ’/l}
for all n > 0. Clearly, each element f in F™ is a path.

We now let

= D Ao(f) @ t(f)A.

feF™
Define d; : P, — Py by
di(o(f) @ t(f)) =o(f) @ f— f&t(f)
for f € F1. Whenever n > 2, the differential d,, : P, — P,_; is given by

(1) If n is odd,

dn (o0 ( ) tfe) =o(fi Hee—o(fi H@a—cat(fi ) +at(fh),
tfi)=o(fy Hee+o(fi Howa—eat(ff™") —axt(fi™)

and for i > 2,
o(ff N @e—o(ffi)@a—e@ ) +a@ S Z+2) ifi=4l, 1 >1;
n—1 = n—1 n—1 . .
(o) ® () = o(fintll)®z—i+o(fi:1)®afs®t(fl 1) ® t(f 1fz'—4l+1,l21,
o(ff 1) ®E—o(f1 ) ®a—e@t(fi' ) +ad z+2) ifi=41+2,1>0;
o(ff ) @e+o(ff ) ®a—e@ ) —a@ L), ifi=41+3,1>0.
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(2) If n is even,

dn(o(f) @) =o(ff H@e—o(ff H@at+eat(fi ) —axt(fi )

and for i > 1,

o(f 7)) ®e—of Z+1>®a+e®( Htae(fin), ifi=4, 1>

o(ffiN@e+o(ff ) ®a+e@ () —a@ L), ifi=4l+1,1>0;
dn(o(f7) @ (7)) =4 T 1T o 20

o(fFH @& —of Z+1)®o¢+5®t(f Y+a®t(fiL), ifi=41+2,1>0;

o ;111>® +o(fi) @ate@ T —a@ iy, ili=4l+3,1>0.

In addition, we can define d,,(o(f*) ® t(f)) by the definition above and the bar involution, for
all f* € F™. Then, it is easy to check that P = (P,,d,) is a complex. Moreover, we have

Proposition 2.1  The complex P = (P,,d,)

dn d d
e n+1—+iP H~-~HP2—2>P1—1>POL>A—>O

is a minimal projective bimodule resolution of A, where 7 is the multiplication map.

Proof Firstly, by [3, Themrem 2.10.1], the Yoneda algebra E(A) of A is isomorphic to
the Koszul dual A'. Note that for any n > 1 and f € F", thereis f = f'Ag for some f' € Fn—!

and some arrows Ay € (). Denote by
F}:{l = {f € F"~! | there is an arrows \;s € Q such thatf]" = f'A;}
for each f* € F™. Then for the maximal semisimple subalgebra A9 = A/radA of A, we have a

minimal projective resolution of Ay as right A-module as follows

b

n+1 b b
-— Pl 5P~ =Py, P =5 Py — Ay — 0,

where P, = @ ;. pn t(f)A, the map b, : P, — P, _, is given by

1, if Ap =@, 7is even,

t(fi")ar— Z (=) e JAfa, A% | = or \py = a i is odd,;

, F'n. 1 .
fre 0, otherwise .

Therefore, by [8, Theorem 2.1], the minimal projective resolution of Ay induces a minimal
projective bimodule resolution of A and the differential d,, is given as above.

83. Hochschild Homology and Cyclic Homology

In this section we replace the homology complex of A induces by the minimal projective
resolution in Proposition 2.1 by a complex of closed paths in KQ and calculate the K-dimensions

of Hochschild homology groups and cyclic homology groups(in case charK = 0) of A.
Let X and Y be the sets of paths in K@), then one defines

XoY ={(p,q) € X xY |t(p) =0(q) and t(q) = o(p)}
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and denote by K(X ®Y') the vector space spanned by the elements in X ®Y. We call a pair
(p, q) is a closed path if t(p) = o(q) and t(q) = o(p). Let B={e, €, a, a, ¢, & %, &%} be a
K-basis of the algebra A. Consider the set B® F", we have

BoOF’={(e, e), (g, ), (£% e), (& @), (& ), (%, &)}
and when n > 1,
BOF" ={(e, 1), (& 07, (% 1), (& 1), (6 F), (&%, F1) | i = 4l or 41 + 3}
U{(a, f1"), (&, fI")|i=4l+1or 41+ 2}.
Thus, it is easy to see that

16k +6+2j, ifn=4k+j, j=0, 1, 2;

IBOF"| =
16k + 16, if n =4k + 3.

Applying the functor A® 4 — to the minimal projective bimodule resolution P = (P, d,) in
Proposition 2.1, we get a homology complex of algebra A. Now, we use vector spaces K(B® F™)

to give a presentation of this homology complex.

Lemma 3.1 A ®4. P = N, where the complex N = (N,,, 7,,), N, = K(B® F") and
differential 7,, : N,, — N,,_1 is given by: for any (b, f*) in K(B® F™),

(1) If n is odd,

Ta(b, f3') = (eb, f5™1) = (ab, f771) = (be, f57 1) + (ba, f371),
Ta(b, f1') = (£, f371) + (ab, fg =) = (be, f777) = (ba, f571)

and for i > 2,
(eb, fI'7") — (ab, z+1)_(b€7 Y+ (b, fR5Y, ifi=41, 1> 1
b, 1) (éb f V) (aby f7) = (bes £ = (bey [, ifi =411, 1>
T™\0, J; ) = _
(&b, £ — (b, z+1)—(bs, 7N+ (ba, fR5Y), ifi=41+2,1>0;
(eb ZH) (@b, £ = (be, f771) = (b, f'5'), ifi=41+3, 1> 0.

(2) If n is even,

(b, f3) = (eb, f371) = (ab, f77Y) + (be, f§71) — (ba, f371)
and for ¢ > 1,
(eb, [751) — (@b, fi5h) + (be, f771) + (bay, }"’21% ifi=4l, 1>1
(éb m) (ab, [P0+ (be, f771) = (ba, 751, ifi=4l+1, 1> 0;
(€b
(eb

ol
) = (ab, fIN + (be, ) + (bey, f Y, ifi=414+2,1>0;
1+1> (ab, 31 + (be, 171 — (bey, f15Y), ifi=41+3,1>0

Tn(bv fzn) =

and the corresponding formulae for (b, fI*) is induces by 7, (b, fI*) and the bar involution.
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Proof Let Ay be the maximal semisimple subalgebra of A. Then one can check that

A@p Po=Aca @ (o(f)ext(f)= @ aABexSF'a=N,.
feFrn a,Be{e, €}

Moreover, from the isomorphisms above, we have the commutative diagram

1®dy,
S A®a Py 2% A®u Py —>

| |=

- —K(BOF") —/ KBOF) — ...

So the differentials 7,, can be induced by d,, in the minimal projective resolution P.

Thus, by the definition, HH,,(A) = Kerr,,/Im7,+1 and so that

dimg H H,,(A) = dimgKerr,, — dimgIm7, 41

= dimgN,, — dimgIm7,, — dimgIm7,, ;.

Consequently, to calculate the K-dimensions of Hochschild homology groups of A, we only need
to determine dimgIm7, for all n > 0, since dimgN,, = |B ® F™|. Firstly, we define an order on
B by

e<e=<e?<a<e<E=&<a
and define an order on B ® F™ by the following relation
(b, f) =< (t/, fIr) ifb=<b orb="b buti<i,

for any (b, f1*), (b, f1}) € BOF™. Next, we will give the matrix of 7,, under the ordered bases

defined above and show the K-dimension of 7,, by this matrix.

We denote still by 7,, the matrix of the differentials 7, under the ordered bases above.

Firstly, for n = 1,2, 3, direct computations show that
rankr; = 1; rankm = 4; rankrg =3

and so that

Secondly, for n > 4, we write
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Then, one can check that the matrix 7, has following form

00 00 0 0 0 0
A 000 0 0 00
0O A 0D O 0 O0E
B 000 C 0 00
0000 0 00°0]
00 00 A 0 00
0 00 E 0 A 0D
C 00 0 B 0 0 0

where
(1) If n = 4k (k > 1), then 7, is a 16k x (16k + 6) matrix with 2k x (2k 4+ 1) matrices

2 0
A1 B/ Bl CVl

Ar—1 By_1 Cy O

and 2k x 2k matrices

D1 El
D= ., E= . :
Dk Ek
-1
WhereAlz---:Ak,le,A’:(l 1),312(0),31/:(0 1),Blz~-~:Bk,1:
Di==Dy=XandC; = =Ch=—-FE = =-E,=Y;

(2) If n=4k+1 (k > 1), then 7, is a (16k 4 6) x (16k + 8) matrix with (2k +1) x (2k 4 1)
matrices

0 1 -1
Al D1 Ey
A Dy FEx
and 2k x (2k + 1) matrices

B Cy
B = , C= ,
Bk 0 Ck 0
WhereA1=~~-:Ak=V,31:~~-:Bk=E1:~~:Ek:—XandC1:~~-:Ck=D1:
e =DL=Y;

(3) If n =4k+2 (k > 1), then 7, is a (16k + 8) x (16k + 10) matrix with (2k+1) x (2k+1)
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matrices
2 0 -1
Al B/ Bl Cl
A= , B= , , C=
Ak By, Ck
and (2k + 1) x (2k 4 2) matrices
D1 El
D= ., E= : ,
Dk Ek
D’ E'
-1

whereA1—~~~—Ak_1_U,B’—<0),D’—(0 1),E/:(1 O),Blz"':Bk:Dlz
co=Dp=XandCy = =Cr=FEy = =E, =Y,

(4) If n =4k+3 (k > 1), then 7, is a (16k+ 10) x (16k + 16) matrix with (2k+1) x (2k+2)

matrices

0 ~1 1
A D, Ey
A= . , D= . , B =
Ap 0 Di 0 E, 0
and (2k + 2) x (2k + 2) matrices
By Ch
B= , C= ,
Br+1 Cr+1

where A1 = -=A, =V, Bi=---=B,=D1=---=Dy=—-Xand Ci=---=Cy,=FE; =
=B, =Y.

Therefore, we obtain the rank of 7, for all n > 4 as follows
Lemma 3.2  For the differential 7,,(n > 4), we have

Th+2,  ifn=4k k>1;
Th+1, ifn=4k+1, k>1;

dimgImT, =
Tk + 4, ifn=4k+2, k>1;
Tk + 3, ifn=4k+3, k> 1.
A 0
Proof Denote by G := B i and H = (f)l ZE) Z g).Then, it is easy to see
C B

that dimgImr, = rankr, = rankG + rankH. By the elementary transformations, we have

3k+2, ifn=4k+7j, j=0,1,2, k> 1;
3k+4, ifn=4k+3, k>1

rankG =
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and
4k, if n =4k, k> 1;

rankH = ¢ 4k — 1, ifn=4k+1lordk+3, k> 1;
4k +2, ifn=4k+2, k> 1.
Thus, we get the lemma.

Theorem 3.1 Let A be a tame Hecke algebra of type A. Then for n > 1,

2k +3, ifn=4k+j, j=0,1,2 k>1;

dimgHH, (A) =
2k +4, ifn=4k+3, k> 1.
Proof Note that

16k +6+2j, ifn=4k+j, j=0,1,2;
16k + 16, if n =4k + 3.

dimKN =

This theorem following from
dimg HH,,(A) = dimg N,, — dimgIm7,, — dimgIm7,, 1.
and Lemma 3.2 directly.
Denote by HC),(A) the n-th cyclic homology group of A(cf [13]).
Corollary 3.1  If charK = 0, then we have
k, if n =4k +1;
dimg HC, (A) =< k+5, if n=4k or 4k + 2;
k+1, ifn=4k+3.
Proof By [13, Theorem 4.1.13], we have
dimg HC,,(A) — dimg HC,,(K?) = —(dimg HC,,_1 (A) — dimg HC,,_; (K?))
+(dimg H H,, (A) — dimg H H,,(K?)).

n

Thus dimg HC,,(A) — dimg HC,,(K?) = > (—1)" " (dimg H H;(A) — dimg H H; (K?)).

i=0
Moreover, it is well-known that
) 9 2, ifi=0 . 9 2, if i is even;
dimg H H;(K*) = and dimgHC;(K?®) =
0, ifi>1 0, if7is odd.

Thus, by Theorem 3.1, we can obtain this corollary directly.

Remark 3.1  Dieter Happel in [10] asked the following question: if the Hochschild coho-
mology groups HH"(A) of a finite dimensional algebra A over a field &k vanish for all sufficiently
large n, is the global dimension of A finite? The paper [2] have given a negative answer by the
four dimensional algebra K(z, y)/(22, zy — qyz, y?).
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In [9], Han conjectured that the homology of Happel’s question would always hold, namely

that a finite-dimensional algebra whose higher Hochschild homology groups vanish must be

of finite global dimension. It is known that Han’s conjecture holds for commutative algebras,

monomial algebras [1, 9]. If the characteristic of the ground field is zero, Han’s conjecture

also holds for N-Koszul algebras, graded local algebras, graded cellular algebras [4]. Our results

show that the tame Hecke algebras of type A also provide a positive answer to Han’s conjecture.
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