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Abstract: In the paper, we define(inco) project modules of relatively hereditary torsion
theory 7 by intersection complement of module and study their properties; secondly, we
define the(inco) T-semisimple ring by(inco) T-projective module and study their properties.
When 7 is a trivial torsion theory on R-mod, we prove that R is a semisimple ring if and
only if R is a(inco) semisimple ring and satisfies(inco) condition.
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8§1. Preliminary Knowledge

In the paper, R always denotes a ring with unit. All modules are left R-module and are
unitary. The category of all left R-mod are denoted by R-mod. 7 denotes a torsion theory
on R-module. Let M be a left R-module and A be a submodule of M. In [1], we define
an intersection complement of A in M. In the paper, by intersection complement we define
the module satisfying(inco) condition and study relatively projective module satisfying(inco)
condition, which is called(inco) 7-projective module. We also define(inco) 7-semisimple ring
by(inco) T-projective module and give some properties. When 7 is a trivial torsion theory, R
is a semisimple ring if and only if R is a (inco)7-semisimple satisfying(inco) condition, thus we

study more semisimple ring.

What we call torsion theories here will always be hereditary torsion theories, other notions

involving torsion theory see [2].
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Definition 1  Let A be a submodule of left R-module M. A submodule A’ of M is called
an intersection complement, briefly inco, of A in M, if AN A’=0 and A’ is maximal in ANA’=0

[1].
Definition 2 Let M be a left R-module. M is called satisfying(inco) condition, if M
satisfies equivalent conditions of Exercise 11 in [1].

Lemma 1 If M satisfies(inco) condition, then so is any submodule of M.

Lemma 2 Let M be an injective module, then M satisfies(inco) condition if and only if
M satisfies the maximal condition for direct summand.

Proof Since M = E(M), according to Definition 2 and Exercise 11 of [1] M satisfies
the maximal condition for direct summand. Conversely, if M satisfies the maximal condition
for direct summand, then E(M) satisfies the maximal condition for direct summand, thus M

satisfies(inco) condition by Definition 2 and Exercise 11 of [1].

Lemma 3  Left R-module M satisfies(inco) condition if and only if E(M) satisfies(inco)
condition.

Proof If M satisfies(inco) condition, then E(M) satisfies the maximal condition for direct
summand by Definition 2 and Exercise 11 of [1]. According to Lemma 2, F(M) satisfies(inco)
condition. Conversely, if E(M) satisfies(inco) condition, then E(M) satisfies the maximal
condition for direct summand by Lemma 2, thus M satisfies(inco) condition by Definition 2

and Exercise 11 of [1].

Definition 3  Let M be a left R-module. M is called(inco) 7-projective module, if for
every left R-module exact sequence B — C' — 0 where B is 7-torsionfree module satisfy-

ing(inco) condition, every a: M — C, there exists 8 : M — B with o = 7.

It is clear that M is(inco) T-projective module if and only if for short exact sequence 0—
A — B — C — 0, where B is 7-torsionfree module satisfying(inco) condition, there exists

exact sequence

0 — Homp(M, A) — Homp (M, B) — Homp(M,C) — 0.

§2. Main Results

Theorem 1 If 7 is a torsion theory on R-mod, then the following conditions on a left
R-module M are equivalent :

(i) ExtL(M, N) = 0 for every 7-torsionfree left R-module N satisfying(inco) condition;

(ii) If E is injective 7-torsionfree left R-module and satisfies(inco) condition, E; is a sub-

module of E, then there exists exact sequence
0 — Homg(M, E;) — Hompg(M, E) — Homg(M, E/E;) — 0;

(iii) M is(inco) T-projective module.
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Proof  (i)==(ii) Let E is injective T-torsionfree left R-module and satisfies(inco) con-
dition. If F1CFE, then E; satisfies(inco) condition by Lemma 1. By Proposition 1.10 in [2], E;
is a 7-torsionfree, therefore Extk (M, E1) = 0. By Theorem 7.3 in [3], proving (ii);

(ii)==(iii) Consider the diagram

E(B) — E(B)/A—0

in which B is 7-torsionfree left R-module and satisfies(inco) condition, A is the canonical inclu-
sion. We want a map : M — B with a=0n. If ¢ € C, then there exists b € B C E(B) such
that

c=mn(b),n'(b) =b+ A € E(B)/A.

Let
p:C— EB)/A, c— b+ A

If ¢=0, then be kerm=A, it follows that p is well defined R-morphism and pﬂ':ﬂ'/)\.. If
p(c) = b+ A = A, then beA, ©(b) = ¢=0, thus p is monomorphism. By Lemma 3 and
Proposition 1.10 in [2], E(B) satisfies(inco) condition and is 7-torsionfree module. Therefore,

there exists v : M — E(B) with 7 y=pa.

If € Imvy, then there exists m € M such that x = v(m), a(m) € C. Thus there exists
b € B such that a(m) = w(b), we have

/ ’

(b) =7 y(m) =7 (),

it follows that b — 2 € kerm = A C B. Since b € B, thus z € B, i.e., Imy C B. By Theorem
3.5 in [4], there exists 8: M — B such that v = A8, thus

pa(m) = pr(b) =7 A(b) ==

Ty =7 A3 = prf = pa,
but p is injective, it follows that a=n0;

(ili)==(i) By Lemma 3 and Proposition 1.10 in [2], if N is a 7-torsionfree module satisfy-
ing(inco) condition, then so is E(N). According to Theorem 7.3 and 7.6 in [3], we have a long
exact sequence

0 — Hompg(M, N) —s Hompg(M, E(N)) = Hompg (M, E(N)/N) —
Exth(M,N) — Exth(M,E(N)) =0
but 7*is a epimorphism, thus ExtL(M, N) = 0.

Theorem 2  Let 7 be a torsion theory on the R-mod. Then following condition are

equivalent :
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i) Every left R-module is(inco) 7-projective module;

ii) Every simple module is(inco) 7-projective module;

iii) If M is a 7-torsionfree module satisfying(inco) condition, then J(M) = 0;
iv) Every 7-torsionfree module satisfying(inco) condition is semisimple;

v) The class of all(inco) 7-projective module is closed under taking homomorphic images;

(
(
(
(
(
(

vi) If N is a 7-torsionfree module satisfying(inco) condition and P is a projective module,

P, is a submodule of P, then there exists exact sequence :
0 — Homp(P/P,,N) — Homp(P,N) — Homp(P;,N) — 0.

Proof (i)==(ii) This is immediate;
(il)=> (ili) Let M be a 7-torsionfree module satisfying(inco) condition and let m be a
nonzero element of M. Among those submodules of M not containing m there exists, by Zorn’s

Lemma, a maximal submodule N. Let N’ be the intersection of all those submodules of M
properly containing N.

If N is not a maximal submodule of M, then NV CN,;A M, therefore m €N’ and N is a
maximal submodule of N’. By Lemma 1 and Proposition 1.10 in [2], N’ satisfies(inco) condition
and is a T-torsionfree module. By the hypothesis, N '“NeN' /N, thus N ' /N is a 7-torsionfree

module.

If N is a maximal submodule of M, then M/N" is a simple. By hypothesis, M =~ N &M/N',
thus M/N/ is a T-torsionfree module. By Proposition 1.12 in [2], M /N is a 7-torsionfree module.
It is clear that N is a direct summand of M, M = N & N, then M/N = N; satisfies(inco)

condition. Therefore the short exact sequence
0— N /N — M/N — M/N —0

splits, this is, there exists a submodule M of M such that M/N = N'/N&M /N.Butm e N,
m¢ N,som ¢ M. Tt follows that M = N, M = N’ contradicting the maximality of N'. This

proves that N " is not a maximal submodule of M.

Assume N = N{K|K is submodule of M, K > N'}, it is clear that N" /N’ is a simple
module and N is a 7-torsionfree module satisfying(inco) condition. By given, N "~ N g

N” /N'. Consider the commutative diagram:

0— N' — M S5M/N'"—0

| = 1

0— N"/N — M/N ™% M/N" — 0.

If N” is a maximal submodule of M, then M/N "isa simple, thus by the hypothesis split
of the top row gives split of the bottom. Hence there exists a submodule M " of M such that
M/N= N" /N’ @ M"/N. Since me N, m ¢ N, so m¢ M . By the hypothesis on N, this
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implies M = N, M = N contradicting the maximality of N". This proves that N" is not a
maximal submodule of M. This argument yields an ascending chain

NcNcN' c-..

of submodules of M and the former is a direct summand of the latter, contradicting the as-
sumption of M. It follows that N is a maximal submodule of M which does not contain m.
This implies that m does not belong to J(M). Since m is an arbitrary nonzero element of M,
we conclude that J(M) = 0;

(iil)=>(iv) Let M be a 7-torsionfree left R-module satisfying(inco) condition and let N1
be a simple submodule of M. Since J(M) = 0, there exists a maximal submodule of M such
that N1 € My, thus M = Ny & M;. We know that M; is also a 7-torsionfree module and
satisfies(inco) condition. By Lemma 5.1.3 in [1], every small submodule in M; is also small
in M, hence J(M;)CJ(M)=0. By aforesaid process, M1= Nao@®Ms, in which Ny is a simple
module and My is a T-torsionfree module satisfying(inco) condition and J(Mz)CJ(M7)=0. This
argument yields an expression

M=N &N - &N & ---
Let C1=N7, Cr=N1®N2® ... ® Ni. Then there is an ascending chain
Ci,cCycCc---CcCpC---,

where C; is a direct summand of C;44. Since M satisfying(inco) condition, proving (iv);

(iv)==(i) Let M be a left R-module. Consider the short exact sequence

0—A—B-5C—0

with B 7-torsionfree and satisfying(inco) condition. By hypothesis, B is a semisimple module,
hence the exact sequence splits. If a: M — C is any map, then there exists 5 : M — B
with o = w3, proving (i);

(i)=(v) This is immediate;

(v)==(vi) Let P be a projective module and let P, be a submodule of P. If N is a 7-

torsionfree module satisfying(inco) condition, then there exists a long exact chain
0 — Homp(P/Py,N) — Hompg(P,N) — Homp(P,N) —

Extp(P/Py,N) — ---.
Since P/P; is a(inco)7-projective module, by Proposition 1. Exty(P/Pi, N) = 0 proving
(vi);
(vi)=>(i) Let M be a left R-module. Then there is a projective module P and an exact

sequence
0—P —P—M—Q0.
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If N is a 7-torsionfree module and satisfies(inco) condition, then there exists a long exact chain
0 — Homp(M,N) — Homp(P,N) — Hompg(P,,N) —

Extp(M, N) — Extp(P,N) = 0.
By hypothesis, Ext} (M, N) = 0, this implies that M is a(inco) module by Proposition 1.
Definition 4 R is called(inco) 7-semisimple ring, if R satisfies equivalent condition of

Proposition 2.

When 7 is a trivial torsion theory on R-module, every left R-module is all 7-torsionfree
module.

Theorem 3  Let 7 be a trivial torsion theory. Then R is a semisimple ring if and only if
R satisfies(inco) condition and is(inco) 7-semisimple ring.

Proof This is immediate. Conversely, by Proposition 2, if R is a(inco) 7-semisimple ring
and 7 is a trivial torsion theory, every left R-module satisfying(inco) condition is semisimple

module, hence as a left R-module, R is semisimple, i.e., R is a semisimple ring.
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