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Abstract: In this paper, A strong convergence theorem for a finite family of nonexpansive
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of Hilbert spaces is established.
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§1. Introduction

Throughout this paper, we always assume that H is a real Hilbert space, whose inner
product and norm are denoted by (-,-) and || - || respectively. Let C be a nonempty closed
and convex subset of H and let A : C' — H be a nonlinear mapping. The classical variational
inequality problem, which denoted by VI(C, A), is to find u € C such that (Au,v —u) > 0 for
all v € C. A is said to be relaxed (u, v)-cocoercive if there exist two constants u, v > 0 such
that (Az — Ay, z — y) > (—u)||Az — Ay||? + v||z — y||?, for all z, y € C. Recall that a mapping

T : C — C is said to be nonexpansive if ||Tx — Ty|| < ||z —y|| for all z, y € C. The fixed point
of T is denoted by F(T).

Iterative methods are efficient tool in nonlinear analysis and optimization theory. Many
well-known problems arising in various branches of science can be studied by using algorithms
which are iterative in their nature; see, for example, [1-4].
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In this paper, an iterative algorithm is considered for the the problem of finding a common
element in the fixed point set of nonexpansive mappings and in the solution set of variational
inequalities. Define a mapping W,, by: U, = I and

Un1 = A1 ThUpo + (1 = An1) 1,

Upz = A2ToUpnt + (1 — Ap2)1,
2 242 1 ( 2) (11)

Wn = UnN — )\nNTNUn,Nfl + (]- - )\nN)Ia

where {M\n1}, {An2}, - s {Aun} € (0,1]. Such a mapping W, is called the W-mapping gener-
ated by 11,75, - ,Tn and {A1}, {dn2}, -, {\an}. Nonexpansivity of each T; ensures the
nonexpansivity of W,,. It is proved that F(W,,) = ﬂivzl F(T;); see [1] for more details.

Based on the mapping W,,, a strong convergence theorem of common elements is established.

In order to prove our main results, we need the following lemmas.

Lemma 1.1 Let {z,} and {y,} be bounded sequences in a Banach space and let {3, }

be a sequence in [0, 1] with 0 < liminf 8, < limsup 3, < 1. Suppose Zp4+1 = (1 = Bn)Yn + Bnn

n—oo

n—oo
for all integers n > 0 and lim sup(||yn+1 — Yn|l — |Tn+1 — znl|) < 0. Then lim,, oo ||Yn — 2n || = 0.

n—oo

Lemma 1.206

Assume that {a,} is a sequence of nonnegative real numbers such that
ant1 < (1 —yp)an + 0y, where {7,} is a sequence in (0,1) and {d,} is a sequence such that

> oo Yn = oo and lim sup % < 0. Then lim,_ o ap = 0.
n—oo

§2. Main Results

Theorem 2.1 Let A: C — H be be a relaxed (u, v)-cocoercive and p-Lipschitz continu-
ous mapping. Let f: C — C be a contraction with the coefficient «, where 0 < a < 1 and T},
where ¢ = 1,2,---, N, a nonexpansive mapping. Assume that T = ﬂfil F(T,)NVI(C,A) # 0.
Let 21 € C and {z,} a sequence generated in the following algorithm

Tnt1 = U f(Whayn) + Bnn + vuWoPo(I — rn,A)Po(l — spA)x,, n>1,

where W, is defined by (1.1), {ay}, {Bn} and {v,} are sequences in (0,1). Assume that {a,},
{Bn}, {7}, {Mn}s {rn} and {s,} are chosen such that o, + B, + v = 1; lim,, o a,, = 0;
S ap =00;0< linrriigfﬁn <limsup G, < 1; lim, o0 [7nt1 — Tn| = 0; limy,— o0 [Snt1 — Sn| =
e 2(v—u?)
=

0; {rn}, {sn} € [a,b] for some a, b with 0 < a < b <
alli=1,2,--- ,N. Then {z,} converges strongly to ¢ € T, where ¢ = Py f(q).

3 limy, oo ‘/\n,z - An—l,i‘ =0, for

Proof Since A is relaxed (u,v)-cocoercive and Lipschitz continuous, we see that I —r, A
and I — s, A are nonexpansive. Letting p € T, we arrive at

[Zn1 = pll < [1 = an(l = a)lllzn = pll + anlp = FP)I,
which implies that the sequence {z,} is bounded. Notice that

[2n = Tny1ll < on — Togall + Mi(ISnt1 = Sn| + [Pns1 — 7al),
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where M; is an appropriate constant. Putting I,, = % and y, = Po(I — r,A)Po(I —
$nA)Tn, we see that
Nln+1 = lnll = [[Tn41 — za|
N
S M2(|Sn+1 - Sn‘ + |rn+1 - rnl + 22 ‘)\n+1,i - A'rL,i|)
i=1
Qp41 Qp,
4% 5% —
+ F W)+ W DI — L,
where Mj is an appropriate constant. It follows that lim sup(||ln+1 —ln|| = [|Zn+1 — 2x]]) < 0. In
n—oo
view of Lemma 1.1, we see that lim,, . ||l — || = 0. Tt follows that lim, o0 |Zn+1 — 25| = 0.

On the other hand, we have

Tn+l1l — Tp = an(f(ann) - xn) + ’Yn(Wnyn - xn)

It follows that lim, oo [|[Wnyn — n|| = 0. Put 2z, = Po(I — s, A)x,. For each p € T, we see

that

25,V
Iz = plI” < llzn — Pl + (2s0u+ s, — 7)||Awn — Ap|)?

and
2r,v

lyn = plI* < llwn = pI* + (2rau +r — =5-) | Azn — Ap]*.

02
On the other hand, we have

2r,v
2011 — plI? < anll f(Wanzn) = plI* + 20 — plI? + 0 (2rou + 1) — MZ )| Az, — Apl|*.

This implies that lim,,_, ||Az, — Ap|| = 0. In a similar way, we can show that lim,, . ||Az, —
Apl|| = 0. In view of lim, o0 ||Whyn — znl =0,

lyn —1’7”2 < lwp _pH2 — |lzn — yn||2 + 27|z — ynlll|Azn — Apl|
and
[E2 —p||2 < |lwn _pH2 — |lzn — Zn||2 + 2sp)|Tn — 2n|||Azn — Apll,

we can obtain that lim, . |Wpa, — @,|| = 0. Observe that Pcof is a contraction. Indeed, for
Vz, y € C, we have

1Py (z) = Pof()ll < If () = W)l < ez —yl].

Banach’s contraction mapping principle guarantees that has a unique fixed point, say ¢ € H.
That is ¢ = Pr f(q).
Next, we show limsup(f(q) — ¢, zn, — ¢) < 0. To show it, we choose a subsequence {z,,} of
n—oo
{zy} such that

limsup(f(q) — ¢, xn — q) = lim (f(q) — ¢, Tn, — q).

n— oo n—oo
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As {x,,} is bounded, we have that there is a sequence {an} of {z,,} converges weakly to p.
We may assume, without loss of generality, that x,, — p. It follows that z,, — p. Hence we
have p € Y. Indeed, let us first show that p € VI(C, A). Put

Aw; + Newy, wi€C,
@, w1 ¢ C.

T’LU1 =

Since A is relaxed (u, v)-cocoercive and p-Lipschitz continuous, we have
(Az — Ay,z —y) > (—u)[[ Az — Ay|* + v]o — y[* > (v —up?) |z — y|* > 0,

which yields that A is monotone. Thus T' is maximal monotone. Let (w;,w2) € G(T'). Since
wy—Awy € New; and y,, € C, one has (w1 —yy,, wa— Awy) > 0. On the other hand, we see from
zn = Po(I—spA)x, that (w1 — 2, 2 — (I —spA)x,) > 0 and hence (wy — 2, Z”S_n‘”" +Ax,) > 0.
It follows that

<w1 - Zn“w2>
> (w1 — zn,, Awy)
Zni - xni _ Ax >
n;

> (w1 — 2p,, Awr —
Sn;
= (w1 — 2n;, Awn — Azp,) — (W1 — 2n,, Az, — Axy,) + (W1 — 2n,,

Zn, — In,
Z <U)1 - ZniaAzni - Amn1> - <w1 - Zni, %%
n,;

i

which implies that (w; — p,ws) > 0. We have p € T~10 and hence p € VI(C, A).
Next, let us show p € ﬂfil F(T;). Since Hilbert spaces are Opial’s spaces, we have
liminf [[z,,, — p]|
< hﬁg}f |Tn, — Wapl|
= liirgioréf lni = Waatn, + Wpa,, — Wap||

< liminf |W,x,, — Wapl|
71— 00

< liminf ||z, — pl|,
11— 00
which derives a contradiction. Thus we have p € ﬂf\il F(T;). This in turn implies that

limsup(f(q) — ¢,zn — q) = lim (f(q) — ¢, 20, — @) = (f(q) —q,p —q) < 0.

n— oo n—oo

On the other hand, one has

201 — ql?
<Bn(@n = @) + 9 (Watn — DII° + 200 (f(Wnan) = ¢, 2011 — q)
< (1= an)’[zn = plI* + acn (20 — gl* + |2ns1 — al?)

+ 20, (f(q) = ¢ Tnt1 — q)-
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It follows that

2541 —Q||2
< 1— (217_0232 +a? 2 — qll? — %(f@) gt — )
< %Hxn —al* 5 Ea" ~(f(@) =@ @01 — ) + M;a?2
= (1= L)l —al® + %

where M3 is an appropriate constant,

21— a)ay,

I =

and £, — Ms3(1 — aay)ay, 1
1 —aoy, 2(1 -« -«

(f(@) = ¢, xny1 — ).

In view of Lemma 1.2, we can conclude the desired conclusion immediately. This completes the

proof.

If f(x) = u, where u € C is a fixed element, then we have the following Halpern-type

iterative algorithm.

Corollary 2.1 Let A: C — H be be a relaxed (u,v)-cocoercive and u-Lipschitz con-
tinuous mapping. Let T;, where ¢ = 1,2,--- N, be a nonexpansive mapping. Assume that
T = ﬂfil F(T,)NVI(C,A) #0.Let 21 € C and {z,} be a sequence generated in the following

algorithm
Tn+1 = QplU + ﬁnmn + ’YanPC(I - rnA)PC(I - SnA)x’ru n Z 17

where W), is defined by (1.1), {an}, {Bn} and {v,} are sequences in (0, 1). Assume that {a,},

{Bn}, {m}s {Mn}, {rn} and {s,} are chosen such that a, + B, + 7 = 1; lim, 0 ap = 0;

Yoo o =00; 0 < liminf 3, <limsup B, < 1; limy o0 [Fpt1 — rn] = 0; im0 [Snt1 — Sp| =
n—oo

n—00

0; {rn}, {sn} € [a,b] for some a, b with 0 < a <b < 2(1)%1‘2); limy, 00 [Ani — An—14| = 0, for all

i=1,2,---,N. Then {z,} converges strongly to ¢ € T, where ¢ = Pyu.
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