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Virtual Element Method of the Allen-Cahn Equation
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Abstract: In this article, the virtual element method of the Allen-Cahn equation on a
polygon grid is discussed in the fully discrete formulation. With the help of the energy
projection operator, we give the corresponding error estimates in the L? norm and H*

norm.
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81. Introduction

Allen-Cahn equation is an important model proposed by ALLEN and CAHN in [3] for
describing the antiphase boundary motion in crystals. In materials science, it is often used in the
study of fluid dynamics and reaction-diffusion problems, but also widely used in the competition
and repulsion of biological populations, river bed migration process.

We consider the following Allen-Cahn equation
u—eAu+ f(u)=0, (X,t)eQxJ,
u=0, (X,t)edNxJ, (L.1)
uw(X,0)=ug, XeQ,
with the energy of
E(u):/(%\VU\Z—i—F(u))dX,
Q

where u represents the concentration of one of the two metallic components of the alloy, € >0

represents the inter-facial width, Q€ R? denotes a bounded convex polygonal domain with
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boundary Q. We shall use the notation n for a unit normal of an edge, J=[0,T]. f(u)=F (u)
where F(u) = (u?—1)?/4 represents the energy potential. Obviously, the continuous function
f(u) satisfies the Lipschitz condition.

The virtual element method (VEM) is a generalization of the classical finite element method
to polygonal or polyhedral meshes. The main advantages of the virtual element method are the
flexibility in mesh handing and the property of avoiding the explicit construction of the shape
function. Conforming VEM was first introduced in [2,16,18]. Then many investigations have
been conducted for VEM [1,4,6,14,15,17,20].

There are many excellent works on the convergent analysis for Allen-Cahn equation [5,7-13,
19]. The main of this paper is to develop the first-order implicit-explicit scheme by the virtual
element method for Allen-Cahn equation. The error estimates in the L? norm and H' norm are
derived.

The arrangement of this paper is as follows: Section 2 gives the conforming virtual element
space. Section 3 constructs the variational form and gives the fully discrete form. In Section 4,
the error estimates for the L? norm and H' norm corresponding to the fully discrete scheme are
presented.

In this paper, we adopt standard notations for the Lebesgue spaces LP(2), 1 <p< oo and the
Sobolev Spaces H*(2), s >0 and their associated norms || - || s, and seminorms |-|s o. The Banach
space of all L? integrable functions +(t):[0,T"] = H*(2) with norm |[¢)|| e g+ := (fOT ||¢||§79) v
for p€[l,00) and standard modification at p=oo. The generic positive constant will be denoted
by C, which is independent of the mesh size h, but may depend on the size of 2 and take

different values at different places.

82. Conforming virtual element

Let T}, be a sequence of decompositions of {2 into general polygons. h denotes the maximum
of the diameters of the elements in T},, €, represents the set of edges, n(K) denotes the number
of vertexes of element K. Let k>1 denote the ”polynomial degree” of the methodology. For all
K €T}, the augmented local space V*(K) is defined by

VEEK)={ve H'(K)NC°(0K): v|, €Py(e), Ve € 0K, AveP(K)}.

Similar to reference [15], we define the d.o.f. as
e Values of v at n(K) vertexes of K.
e Values of v at k—1 uniformly spaced points on each edge e.
e All moments [, vpdz, for all pePy_o(K).
We define the projection operator H,ZK: HY(K)—P,(K) by

o€ (HXKU,q) :aK(U,q), Vg ePr(K),

(2.1)
Py (TIY v) = Py,



22 CHINESE QUARTERLY JOURNAL OF MATHEMATICS Vol. 38

and a’ (u,v) := [ Vu-Vudz, Vu,ve H'(K), v(V;) represents the value of v at the i th vertex

V;, where Py is defined as follows:

1

P()U =

Pyv:= |K|/vd:c k>1,

the L? projection Hg)K :L?(K)—PL(K) by
(v7H27Kv,q)K:O, Vg ePr(K). (2.2)
Then, the virtual element local space is defined by
WHEK) ={we V*(K): [ (I} xw) qdr = [ wqdz, g€ Py /Py_s(K), K €Ty},

the subspace Py /Py_»(K) consists of the polynomials of k degree L? orthogonal to the k—2
degree polynomial space on K.

The global virtual element space W} of order k is defined by

WE={v, € H}(Q):vp|x e WF(K), VK €T}, }.
The global discrete bilinear forms ay(+,-): WF x WE — R and my,(+,-) : WF x W} — R are defined
as

ap(v,w)= Z af (v,w), VYo,we W},
KeTy,

mp(v,w) = Z mk(v,w), Yv,weWf,
KeTy

ak(-,-) and mf (-,-) are local computable discrete bilinear forms, we defined them as follows

ahK(v w) a (H KO Kw) + 9K ((IfHZK)v,(IfHZK)w),
mp (v,w) = (), 0,1, ew) 4+ K[S™ ((T=TI7 g) v, (I—TI} g ) w).

SE(.,+) are symmetric bilinear forms

NK
= Xi(v)X;(w)
i=1

where N¥ =dimW¥*(K), X;(v) is the i —th local degree of freedom on the element K.
Consistency property: Vp€Py(K) and v€ W*(K)

ay (pv)=a"(p,v) and my (p,v)=(p,v)x
Stability: There exist four positive constants ., a*, B., 8%, independent of h, Yo € W*(K)
5

a.af(v,v) <al (v,v)<a*a
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83. Fully discrete scheme

The variational formulation of the problem (1.1) reads as

find:ue L*(0,T,H(Q)),
m(us,v) +ealu,v) + (F(u),0) =0, (X.t)€Qx J, (3.1)
u(0) =wup.

In order to be convenient for showing the fully discrete formulation, we set 7=T/N ,

t, =n7. Then we introduce the backward Euler method of (3.1),

mh(%ﬂ’h) +ean (up,vn) + (fu(up),vn) =0, Vo, e Wy, (3.2)

ud = Ipu®,

where I}, is the interpolation operator in W}. Similar to [1], for computation of nonlinear force

function, on each element K, we define f5(u},t) as follows:
Sn(ug )| e =10 g (f (I} gupt,t)) on each K €Ty, for ae. t€[0,T].

One needs to solve a nonlinear system at each time step and this would be a tedious job. The
possible remedy is to linearize the right-hand side, that is, replace (fn(u}),vs) by (fh(uz_l),vh)
in Equation (3.2)

mh(%avh)“"Eah(u;favh)+(fh(uzil)avh) =0, VYo,€eWF, (3.3)

0_7 ,0
uy = Inpu”.

From [9], we know this scheme is stable.
Lemma 3.1. [20] The energy projection operator P": H}(Q) — W} defined as

ap (Phu,vh) =a(u,vp), Yo, € W,’f
Yue HY Q)N HE (), it holds that

|u— P"u|y < Ch¥lulpy1, (3.4)

l[u—P"ullo <CRF L |ulgys. (3.5)

84. Error estimation of the Allen-Cahn equation

4.1. Error estimation of L? norm

Theorem 4.1. Let u™=u(-,t,) be the solution of problem(8.1)and let uy, (-,t,) =uj be the
solution of problem (3.3). Then there exists a positive constant C independent of h, for all
t€[0,7] we have

lur, =w(:5tn) [lo
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<C llu —wollo+ O ([l well 10 1200y + el e 010122 )

ny

+COhFt! (|U0|k+1+|utLl(O,t;H’“+1(Q))+lgla<X |“(j)|k+1+1]gla<X I (ulty), ¢ Nk“)

Proof. We set
wp —u(-,t,) = [uft — PPu(-t,)] + [P (- t,) —u(-,t,)| = A" + B™. (4.1)
Utilizing (3.5), we obtain
1B llo = 1P"u(-,tn) = u(tn)llo < CH*FHu(: tn) k1
<Chk+1(|u('70)|k+1+/0tn lu (-, 8) kg 1d) (4.2)

=ChF (Jug g1 + e 1 (0, HE+1(Q2)))-

It is easy to observe that

mh(m%fw_l,vh)—ksah(A”?vh)

:mh(ug—phu(.,t ) — : U Phu(t, 1) o)+ 2an (ul — Pl ) 0n)
—mh(M’vh)—mh(PhU(’ ) TP ot 1 yon) +ean (ufy,vn) —ean(Pu(-,tn), vn)
[mh(w,vh)—i—sah(u}f,vh)]—mh(Phu( n) TP ulstn- 1),Uh)—5a(u(.7tn),vh)

Phu(-,t,) — Phu(- t, 1)

7(fh(uz_l7tn—l)avh) 7mh( ’vh) + (f(unatn)vvh) + (ut('7tn)avh)

:(f(unvtn)_fh(uz_latn—l)avh)“v‘(ut(',tn)avh)_mh(P ulstn) TP u(stn-1)

=:Z(vp)+ZZ(vp). (4.3)

T

avh)

The bound for Z(vy) is followed using Lipschitz continuity of f with respect to u and standard

approximation property of L? projection operator, references [1],

I(Uh) SO(” U*Z_l _u('atn) ||O+hk+1|f(u(tn)7tn)‘/g+1 +hk+1|u('7tn)‘k+1) ” Uh”O

(4.4)
=:Ca" || vnllo-

The second term ZZ(v,) can be estimated by the consistency and stability of the bilinear form

T2 = 3 (et on)ic —mf (Tt = PruCitncn) |y

keT}, T
= 3 () - ST
kET),
+(U( tn) = u(tn1)  TI g (u tn)T u(-tn 1))7%)1{
T hK(H2K<u( 7tn)_u("tﬂ 1))_Phu( ) ph U( n— 1)’ h)]
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w(eytn) —u(tn_1)
2 t) = ) =TI, (e t) =t )l
2T e Culest) =0t 1)) = PP () = ot lollonll

c
< e tn) = (ulstn) = ulsta)) o+ R ulstn) = ulstn) e llonllo

llo (4.5)

c n n
= ;(5 +7")lvnllo-
Recalling the inequality (4.3) and setting v, = A™, we have
A" 7An71

mp (—————, A") +eap (A", A") =T (A") + TZ(A")
T (4.6)

< g(muﬂ"ﬂ")HA"llo-
As ap(A™,A™) >0, we have
ma (A" A") < O(ra” + " +4") | A" o+ mp (47, A).
Then
|A™[[§ =ma (A", A™) <mp (A" A™) +C(ra” + 8" +9™) | A" o

We can obtain

1A [0 <CI Ao +C > _(ra? + 87 ++7). (4.7)
=1

By using (3.5), we obtain

1A%0 = [lun(-,0) = P"u(-,0)lo
=[up(-,0) —uo +uo — P"u(-,0)[|o (4.8)
< C(||uf, — o[+ uo|k41)-

Further, we have

j k+1 k+1
TZ:ICVJ <Ch lrgjagnlf(U(tj),tj)|k+1+0h 1fg]a§<n|u(tj)|k+1 +OT[uell poo (0,1, £2(2)) (19)
j= .

+OR (o + [t L1 (041041 (2))) + Cllu —wolo-

For 87, we have
B = Nuoty) —ultj—1) = Tue(-t5)]lo

|- / " (5=t )un()dslo

tj71

<[ luntolots—tds<r [ ful-.5)lods

tj71 tj—l
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n tn
Zﬂﬂg/ e (-,8) lods =7 |ueell 11 0,,:12(02))- (4.10)
j=1 0
For ~/, it holds

'-Yj = hk+1|u('vtn) 7“('7tn—1)|k+1

tj
k| —/ e, 5)ds|psn

t]'71

12}
<] / g (- 5) 425,
tj—1

n tn
S <h [ a9l =l 000020 (4.11)
=1 0

Combining (4.7)-(4.11) and (4.2), we complete the proof. O

4.2. Error estimation of H' norm
Theorem 4.2. Let u" =u(-,t,) be the solution of problem(3.1)and let up(-,t,)=uj be the
solution of problem (3.3). Then there exists a positive constant C' independent of h, for all
t€[0,T] we have
luy —ul5tn)ly
0 C
<l ol +~7z (7l oz + 702
¢ o
+ %h (|U0|k+1 + ||ut||L1(0’tn;Hk+1(Q)) +h”ut”L?(o,tn;H’f“(Q))
+hlrgja§xn|u(tj)lk+1+h1r£]a§xnIf(U(tj)atj)lkH)-

Proof. Similar to the proof of Theorem 4.1, substituting (4.4) and (4.5) into (4.3)

A — Al c
mn(—————vn) +ean(A",vn) =Z(vn) +IZ(vn) < ~ (10" + 5" +7")|vn o,
and set v, = An%‘w, we can get
An_An—l An_An—l An_An—l
m( ; )tean(A",——)
T T T (4.12)
C n . " A" — n—1
< —(ra"+B" +7")l——lo-
T T
Observing
An_An—l 1
ap(A™, = ):;(ah(A”,A")—ah(A",A"_l))
1 n n n—
= (A" —an(A", A"
1 n n n—
>—(l4 =A™ A" H) (4.13)
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1 1 1
> (A" 2_ = AT 2_ - An—12
(P e PR Ve
1 n n—
=54 3= 114D,
-
and the stability property of the bilinear form my(-,-), enable us to write

An_An—l An_An—l An_An—l
mh( . ) T )25*” T H(Q)

Then, we use (4.13) and (4.14) to obtain

AniAnfl AniAnfl AniAnfl AniAnfl

n € n
ma , )+ean(A”, )2 Bl = I3+ o (14713 -

T T T

using (4.12), we get

An_An—l e , _
Bl ——— 6+ 5- (14" [T =A™~ "17)

C An_An—l
s—<m"+6"+fy">||fno

A" — A 1
(ra”+ 8" +9")* + |V Be ———1§

(20" (8 + () + B,

which leads to

N < ) . .
A II?S||A0\|f+EZ(TQ(OH)QHW)QHW)Q),
j=1
together with the stability of ay(-,-) implies
A< 0B+ £ 3 (@ + (34 (D)
- TE =

Similar to (4.8)-(4.11), we have

| A%y = [u(-.0) —up (~.0) |1 +|u(-.0) — P'u(-.0)|1

< Juf —uol1 + Ch*ug k1,

n
2 2(k+1) 2(k+1) N2
T ;(a <th 121]a<Xn|f( u(ty),t )|k+1—|—7'h 1Iilja<Xn‘u( Nis1
]:

2
70 el 0.1, 22(2) +7h|uglf 4y +Th2k|ut|il(o,t;m+1 Q)

Z ﬁj <732/ |utt | dS

J=1

[2%
— / et (-5 2 =7 e 20, 2 60

(4.14)

A1),

(4.15)

(4.16)

(4.17)

(4.18)



28 CHINESE QUARTERLY JOURNAL OF MATHEMATICS Vol. 38

n n tj
S0P ST [ fus)ads
j=17ti-1

j=1 (4.19)
tW,
:7.2(k+1)/0 |Ut('73)|i+1d5:7'h2(k+1)||Ut||2L2(o,tn;Hk+1(Q))a
we substitute (4.16)-(4.19) into (4.15) to obtain
C
0 k+1
|A™ 1 < up, —uol1 + %(h @agxnlf(u(tj) i) est (4.20)

k+1
+h 1f£]a§n|u(tj)\k+1 +7 ([ well oo 0,00, 22(02)))

C
+ %hk(%\kﬂ + el o, 9)) F Tl | L2 0,60522 ) + TR el 20,51 () -
By (4.1), we have

Juhy —u(estn) [ = [[uh = P u( tn)] + [P (- tn) —ul-tn)]h

(4.21)
<[A"|1+|B"|;.

The estimate of B™ is given by

|B™ |1 <Ch*(Juo ka1 + el 22(0,0,550+1 02)))- (4.22)

Combining (4.20)-(4.22) completes the proof of the theorem. O
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