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Abstract: This paper is a study of strongly Ding projective modules with respect to a

semidualizing module. The class of strongly Ding flat modules with respect to a semidualizing

module is also investigated, and the relationship between strongly Ding projective modules

and strongly Ding flat modules with respect to a semidualizing module is characterized.

Some well-known results on strongly Ding projective modules, n-strongly Ding projective

modules and strongly DC-projective modules are generalized and unified.
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§1. Introduction

Throughout, unless otherwise indicated, all rings are commutative rings with identity and
all modules are unitary modules. Auslander and Bridger[1] introduced the G-dimension for
finitely generated modules. Enochs and Jenda defined and studied the Gorenstein projective,
Gorenstein injective[8] and Gorenstein flat modules [10] and developed Gorenstein homological
algebra [9] on modules over a ring R. Various generalizations of these modules are given over
specific rings (see, e.g., [12-14, 17-18, 23, 27, 31-32]). As special cases of Gorenstein projective
and Gorenstein injective modules, strongly Gorenstein flat and Gorenstein FP-injective modules
were studied in [6-7], and later in [11] under different names — the Ding projective and Ding
injective modules. It was shown in [6] that the class of Ding projective modules over coherent
rings are indeed stronger than Gorenstein flat modules. This class of modules can gives some
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new interesting characterizations of rings. For example, it was proved in [6, Proposition 2.15]
that a ring R is right perfect if and only if every flat right R-module is Ding projective.

Recently, Ding projective dimensions and strongly Ding projective modules were further
investigated in [30]. More generally, Ding projective modules and Ding projective dimensions
with respect to a semidualizing module were studied in [29] and [31]. In this paper, we study
the concept of strongly Ding projective modules with respect to a semidualizing module. The
properties of strongly DC-flat modules under change of rings are also investigated. The paper
is organized as follows. In section 2, we give some notions and definitions which we need in
the later sections. Section 3 is a study of strongly Ding projective modules with respect to a
semidualizing module. The concept of strongly DC-projective modules is introduced and some
characterizations of this class of modules are given. Strongly Ding projective modules are a
particular case of strongly DC-projective modules when C = R. In Section 4, we study the
properties of strongly Ding flat modules with respect to a semidualizing module. It is proved
that if M is a strongly DC-flat module, then M+ is strongly DC-injective. Some results on
strongly Ding flat modules are obtained as corollaries of these results.

§2. Preliminaries

An R-module M is called FP-injective [21] in case Ext1R(P, M) = 0 for every finite presented
R-module P . A degreewise finite projective resolution of an R-module M is a projective reso-
lution P of M such that each Pi in P is finitely generated projective. A class of modules X is
projectively resolving if it is closed under extensions, kernels of surjections and it contains all
projective modules [17].

Definition 2.1 An R-module C is semidualizing if the following conditions are satisfied:

(1) C admits a degreewise finite projective resolution,

(2) The natural homothety morphism R → HomR(C, C) is an isomorphism,

(3) Ext≥1
R (C, C) = 0.

Two examples of semidualizing modules are the free module of rank 1, and the dualizing
(canonical) module over a Cohen-Macaulay local ring, when it exists.

Definition 2.2 Let C be a semidualizing R-module. Set

PC(R) = {C ⊗R P | P is R-projective},
FC(R) = {C ⊗R F | F is R-flat},
IC(R) = {HomR(C, I)| I is R-injective},
FIC(R) = {HomR(C, E)| E is R-FP-injective}.

Modules in PC(R), FC(R), IC(R) and FIC(R) are called C-projective, C-flat, C-injective and
C-FP-injective, respectively.

Clearly, if C = R, then PR(R), FR(R), IR(R) and FIR(R) are just the classes of ordinary
projective, flat, injective and FP-injective R-modules, respectively, which are denoted by
F(R),P(R), I(R) and FI(R), respectively, for simplicity. By [19, Proposition 5.1], PC(R) is
closed under direct sums and direct summands, and IC(R) is closed under direct products and
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direct summands. Moreover, the classes PC(R) and FC(R) are projectively resolving, and the
class IC(R) is injectively resolving by [19, Corollary 6.4].

Definition 2.3[6−7, 11] An R-module M is called Ding projective if there exists an exact
sequence of projective R-modules

P = · · · → P1 → P0 → P 0 → P 1 → · · ·

with M ∼= Coker (P1 → P0) such that HomR(P,F(R)) is exact. Ding injective module is dually
defined. An R-module N is called Ding flat if there exists an exact sequence of flat R-modules

F = · · · → F1 → F0 → F 0 → F 1 → · · ·

with N ∼= Coker (F1 → F0) such that FI(R)⊗R F is exact.

It is easy to see that Ding projective (resp., Ding injective) modules are Gorenstein projective
(resp., Gorenstein injective). But Gorenstein injective modules over a Noetherian ring is Ding
injective.

Definition 2.4 Let X be a class of R-modules and M an R-module. Then an X -resolution
of M is a complex of R-modules in X of the form

X• = · · · → Xn → · · · → X1 → X0 → 0

such that H0(X•)∼= M and Hn(X•)= 0 for all n ≥ 1. Moreover, the exact sequence

X•+ = · · · → Xn → · · · → X0 → M → 0

is called the augmented X -resolution of M associated to X•.
Given a class X of R-modules and a complex Y, we say Y is HomR(X ,−)-exact if the

complex HomR(X,Y) is exact for each X ∈ X . Dually, the complex Y is HomR(−,X )-exact
if HomR(Y,X) is exact for each X ∈ X , and Y is − ⊗R X -exact if Y ⊗R X is exact for each
X ∈ X . The X -projective dimension of M is defined as

X -pdR(M) = inf{sup {n ≥ 0| Xn 6= 0}|X• is an X -resolution of M}.

An X -resolution X• of M is proper if the augmented resolution X•+ is HomR(X , −)-exact. The
(proper) X -coresolution and X -injective dimensions can be defined dually. And the X -injective
dimension of M is denoted by X -idR(M).

Note 2.5 Let C be a semidualizing R-module. We use the following abbreviations

PC-pdR(−)=PC(R)-pd(−), FC-pdR(−)=FC(R)-pd(−)

Over a commutative Noetherian ring R, Foxby [14] studied two subcategories of the category
of R-modules relative to a (semi)dualizing module C, which are the Auslander class AC(R)
and Bass class BC(R). In the non-Noetherian setting, these definitions are taken from [19, 26].
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Definition 2.6 The Auslander class AC(R) with respect to C consists of all R-modules
M satisfying: TorR

≥1(C, M) = 0=Ext≥1
R (C, C ⊗R M), and the natural map µM : M →

HomR(C, C ⊗R M) is an isomorphism.

The Bass class of R with respect to C, denoted BC(R), consists of all R-modules N sat-
isfying: Ext≥1

R (C,N) = 0 =TorR
≥1(C,HomeR(C, N)), and the natural evaluation map νN :

C ⊗R HomR(C, N) → N is an isomorphism.

§3. Strongly DC-projective Modules

In this section, we introduce and study strongly Ding projective modules with respect to a
semidualizing module.

We begin with the following

Definition 3.1 An R-module M is said to be n-strongly Ding projective with respect to
C (or simply n-strongly DC-projective), if there exists an exact sequence

P = 0 → M → C ⊗R Pn → · · · → C ⊗R P1 → M → 0

such that P is HomR(−,FC(R))-exact, where each Pi is projective for all 1 ≤ i ≤ n.

If C = R, then we call a n-strongly DC-projective module a n-strongly Ding projective
module. It is easy to see that every n-strongly Ding projective module is n-strongly Gorenstein
projective [2]. We denote by n-SDPC(R) the subcategory of n-strongly DC-projective R-
modules. The subcategory of n-strongly Ding projective modules is denoted by n-SDP(R).

Remark 3.2

(1) We call a 1-strongly DC-projective module a strongly DC-projective module, for simplic-
ity. Clearly, 1-strongly DR-projective modules are precisely the class of strongly Ding projective
modules. Every strongly Ding projective module is strongly Gorenstein projective [3].

(2) Let M be an n-strongly DC-projective module and Ki = Ker (C ⊗R Pi → C ⊗R Pi−1)
with 1 ≤ i ≤ n (C ⊗R P0 = M). It is easy to see that each Ki is n-strongly DC-projective for
all i. Similarly, we can easily check that each Hi = Im (C ⊗R Pi → C ⊗R Pi−1) is n-strongly
DC-projective for all 2 ≤ i ≤ n.

Recall that an R-module M is Ding projective with respect to C (or simply DC-projective),
if there exists an exact sequence of C-projective R-modules

· · · → C ⊗R P1 → C ⊗R P0 → C ⊗R P 0 → C ⊗R P 1 → · · ·

with M ∼= Coker (C ⊗R P1 → C ⊗R P0) such that the sequence is HomR(−,FC(R))-exact.

The next lemma is a corollary of [29, Theorem 2.7], which shows that the class of DC-
projective modules coincides with the DC-projective modules defined in [29].

Lemma 3.3 An R-module M is DC-projective if and only if there exists a HomR(−,FC(R))-
exact exact sequence

P = · · · → D1 → D0 → D0 → D1 → · · ·
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such that all Di, Di ∈ PC(R) ∪ P(R) and M ∼= Coker (D1 → D0).

The following result gives some equivalent characterizations of n-strongly DC-projective
modules.

Theorem 3.4 Let M be an R-module. Then the following are equivalent

(1) M is an n-strongly DC-projective module.

(2) There exists an exact sequence

0 // M
αn+1// C ⊗R Pn

αn // · · · α2 // C ⊗R P1
α1 // M // 0

with each Pi projective such that Ext≥1
R (M,FC(R)) = 0.

(3) There exists an exact sequence

0 → M → C ⊗R Pn → · · · → C ⊗R P1 → M → 0

with each Pi projective such that the sequence is HomR(−, F )-exact for every module F with
FC-pdR (F ) < ∞.

(4) There exists an exact sequence 0 → M → C ⊗R Pn → · · · → C ⊗R P1 → M → 0, where
each Pi is projective, and there exists a positive integer k such that

Extk+1
R (M, C ⊗R Q)= Extk+2

R (M, C⊗RQ)= · · ·= Extk+n
R (M, C⊗RQ) = 0

for every C ⊗R Q ∈ FC(R).

(5) There exists an exact sequence 0 → M → C ⊗R Pn → · · · → C ⊗R P1 → M → 0, where
each Pi is projective, and there exists a positive integer k such that

Extk+1
R (M, N) =Extk+2

R (M, N) = · · · =Extk+n
R (M, N) = 0

for every module N with FC-pdR(N) < ∞.

Proof (1) ⇔ (2) and (3) ⇒ (1) are obvious by Definition 3.1.

(1) ⇒ (3): Let M be an n-strongly DC-projective module. Then there exists an exact
sequence

P = 0 → M → C ⊗R Pn → · · · → C ⊗R P1 → M → 0

such that P is HomR(−,FC(R))-exact, where each Pi is projective. Let F be a module and
m ≥ 1 a positive integer such that FC-pdR(F ) = m < ∞. Then there is an exact sequence
0 → K → V → F → 0 with V ∈ FC(R) and FC-pdR(K) = m − 1. Since every n-strongly
DC-projective module is DC-projective by Proposition 3.6(3), it follows that Ext≥1

R (M, K) =
0 =Ext≥1

R (M, V ) by Lemma 3.3 and [29, Proposition 1.5].

Moreover, since FC(R) ⊆ BC(R) by [19, Corollary 6.1] and BC(R) ⊆ PC(R)⊥ by [15,
Corollary 3.2(2)], we have Extj

R(C ⊗R Pi,K) = 0 for 1 ≤ i ≤ n by dimension shifting. This
implies that the sequence of complexes
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0 → HomR (P, K) → HomR (P , V ) → HomR (P, F ) → 0

is exact. Moreover, since the complexes HomR(P,K) and HomR(P,V ) are exact by inductive
hypothesis, we conclude that the complex HomR(P,F ) is exact.

(2) ⇔ (4). Assume that M is n-strongly DC-projective, then there exists an exact sequence

P = 0 → M → C ⊗R Pn → · · · → C ⊗R P1 → M → 0

with each Pi projective such that Ext≥1
R (M,FC(R)) = 0. Since FC(R) ⊆ BC(R) by [19,

Corollary 6.1] and BC(R) ⊆ PC(R)⊥ [15, Corollary 3.2(2)] by dimension shifting, we have the
isomorphism

Extk
R(M, C ⊗R Q) ∼= Extn+k

R (M, C ⊗R Q)

for all k ≥ 1, where Q is a flat R-module. Therefore, if the n successive terms of Extn
R(M, C⊗R

Q) is zero, then we have Extk
R(M, C ⊗R Q) = 0 with Q an flat R-module and k ≥ 1.

(3) ⇔ (5). The proof is similar to that of (2) ⇔ (4).

Corollary 3.5[30, Theorem 3.2] Let M be an R-module. Then the following are equivalent

(1) M is strongly Ding projective.

(2) There exists an exact sequence 0 → M → P → M → 0 with P projective such that
Ext≥1

R (M,F(R)) = 0.

(3) There exists an exact sequence 0 → M → P → M → 0 with P projective such that the
short sequence 0 → HomR(M, F ) → HomR(P, F ) → HomR(M, F ) → 0 is exact for every flat
R-module F .

(4) There exists an exact sequence 0 → M → P → M → 0 with P projective such that
the short sequence 0 → HomR(M, F ) → HomR(P, F ) → HomR(M, F ) → 0 is exact for every
R-module F with finite flat dimension.

The next proposition reveals the relations between strongly DC-projective module, n-strongly
DC-projective modules and DC-projective modules.

Proposition 3.6 Let n and m be two positive integers. Then the following statements
hold

(1) Every strongly DC-projective module is n-strongly DC-projective.

(2) If m = kn, then every n-strongly DC-projective module is m-strongly DC-projective.

(3) Every n-strongly DC-projective module is DC-projective.

(4) For any n ≥ 1, the class n-SDPC(R) is closed under direct sums.

(5) If M is n-strongly DC-projective and Ki = Ker(C ⊗R Pi→ C ⊗R Pi−1) with 1 ≤ i ≤ n

(put M = C ⊗R P0), then
n⊕

i=1

Ki is strongly DC-projective.

Propostition 3.6 Let R be a coherent ring. Then an R-module M is DC-projective if
and only if it is a direct summand of a strongly DC-projective module.
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Proof The proof is similar to that of [3, Theorem 2.7].

Lemma 3.8 Let m and n be two positive integers. Then we have

(1) If m = kn, then m-SDPC(R)
⋂

n-SDPC(R) = n-SDPC(R),

(2) If m = kn+i with k a positive integer and 0 < i < n, then m-SDPC(R)
⋂

n-SDPC(R) ⊆
i-SDPC(R).

Proof (1) follows directly from Proposition 3.6.

(2) The proof is a modification of that of [28, Proposition 3.4]. Note that m-SDPC(R)
⋂

n-SDPC(R) ⊆ m-SDPC(R)
⋂

kn-SDPC(R) by Proposition 3.6. Let M ∈ m-SDPC(R)
⋂

kn-SDPC(R). Then there exists an exact sequence P= 0 → M → C⊗RPm → · · · →C⊗RP1 →
M → 0 such that P is HomR(−,FC(R))-exact, where each Pi is projective. Let Hi =
Ker(C⊗RPi → C⊗RPi−1) for 2 ≤ i ≤ m . Since M ∈ kn-SDPC(R) and PC(R) is closed
under direct sums, there exist C ⊗R P̃ and C ⊗R P̂ with P̃ and P̂ projective such that

Since C⊗R P̃ , C⊗R P̂ ∈ PC(R) and PC(R) is closed under extensions by [19, Proposition 5.2],
we have X ∈ PC(R). Consider the following pullback diagram

Because X ∈ PC(R) and PC(R) is projectively resolving by [19, Corollary 6.4], we have Y ∈
PC(R). Now combining the sequence P and the first row in the above diagram, we obtain the
following exact sequence:

0 → M → C ⊗R Pm → · · · → C ⊗R Pkn+2 → Y → M → 0,
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which is HomR(−,FC(R))-exact. This implies that M is i-strongly DC-projective. Therefore,
m-SDPC(R)

⋂
n-SDPC(R) ⊆ i-SDPC(R).

Proposition 3.9 m-SDPC(R)
⋂

n-SDPC(R) = (m,n)-SDPC(R), where (m,n) is the
greatest common divisor of m and n.

Proof The implication (m,n)-SDPC(R) ⊆ m-SDPC(R)
⋂

n-SDPC(R) is obvious by
Proposition 3.6(2). It suffices to prove the converse inclusion. If m = nq0 + r0 with 0 < r0 < n,
then m-SDPC(R)

⋂
n-SDPC(R) ⊆ r0-SDPC(R) by Lemma 3.8. If n = r0q1 + r1 with 0 <

r1 < r0, then r0-SDPC(R)
⋂

n-SDPC(R) ⊆ r1-SDPC(R) again by Lemma 3.8. Therefore,
m-SDPC(R)

⋂
n-SDPC(R) ⊆ r1-SDPC(R). Continuing this process after finite steps, there

is a positive integer s with rs−1 = (m,n)qs+1 such that m-SDPC(R)
⋂

n-SDPC(R) = (m,n)-
SDPC(R).

Theorem 3.10 Let M be an R-module and n ≥ 1. Then the following statements are
equivalent

(1) M is an n-strongly DC-projective module.

(2) There exists an exact sequence 0 // M
αn+1// C ⊗R Pn

αn // · · · α2 // C ⊗R P1
α1 // M

// 0 of R-modules with each Pi projective for any 1 ≤ i ≤ n, such that
n⊕

i=1

Kerαi is strongly

DC-projective.

(3) There exists an exact sequence 0 // M
αn+1// C ⊗R Pn

αn // · · · α2 // C ⊗R P1
α1 // M

// 0 of R-modules with each Pi projective for any 1 ≤ i ≤ n, such that
n⊕

i=1

Kerαi is DC-

projective.

(4) There exists an exact sequence 0 // M
αn+1// Hn

αn // · · · α2 // H1
α1 // M // 0 of R-

modules with PC-pdR(Hi) < ∞ for any 1 ≤ i ≤ n, such that
n⊕

i=1

Kerαi is strongly DC-projective.

(5) There exists an exact sequence 0 // M
αn+1// Hn

αn // · · · α2 // H1
α1 // M // 0 of R-

modules with PC-pdR(Hi) < ∞ for any 1 ≤ i ≤ n, such that
n⊕

i=1

Kerαi is DC-projective.

Proof (1) ⇒ (2) follows from Proposition 3.6(5). (2) ⇒ (3) ⇒ (5) and (2) ⇒ (4) ⇒ (5)
are trivial by Proposition 3.6. It suffices to prove (5) ⇒ (1). Suppose that there exists an exact
sequence

0 // M
αn+1// Hn

αn // · · · α2 // H1
α1 // M // 0

of R-modules with PC-pdR(Hi) < ∞ for any 1 ≤ i ≤ n, such that
n⊕

i=1

Kerαi is DC-projective.

For each 1 ≤ i ≤ n, we have the exact sequence 0 → Kerαi →Hi → Kerαi−1 → 0. Since
n⊕

i=1

Kerαi is DC-projective, it follows that each Kerαi is DC-projective by Lemma 3.3 and [29,

Theorem 1.12]. Therefore, each Hi is DC-projective for all i by Lemma 3.3 and [29, Proposition
1.10]. For each i, there exists an exact sequence of R-modules

0 → Ni → C ⊗R P → Hi → 0
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such that P is projective and PC −pdR(Ni) < ∞. This implies that the above sequence is split
by [29, Proposition 1.5], and thus each Hi is C-projective. In particular, M is DC-projective
by [29, Proposition 1.8 and Theorem 1.12]. Therefore, we have Ext≥1

R (M,FC(R)) = 0 by [29,
Proposition 1.4]. This implies that M is n-strongly DC-projective by Theorem 3.4.

§4. Strongly DC-flat Modules

Recall that an R-module M is n-strongly Gorenstein flat [28], if there exists an exact se-
quence 0 → M → Fn → · · · → F1 → M → 0 with each Fi flat such that I ⊗R − leaves the
sequence exact whenever I is an injective R-module.

More generally, we give the following

Definition 4.1 An R-module M is said to be an n-strongly DC-flat module, if there
exists an exact sequence

0 → M → C ⊗R Fn → · · · → C ⊗R F1 → M → 0

with each Fi flat for any 1 ≤ i ≤ n, such that the sequence is FIC(R)⊗R −exact.

We denote by n-SDFC(R) the subcategory of n-strongly DC-flat R-modules relative to the
semidualizing module C. Recall that an R-module M is called DC-flat, if there exists an exact
sequence of C-flat R-modules

· · · → C ⊗R F1 → C ⊗R F0 → C ⊗R F 0 → C ⊗R F 1 → · · ·

with M ∼= Coker(C⊗RF1 → C ⊗R F0) such that the sequence is FIC(R)⊗R− exact, where all
Fi, F i are flat R-modules.

Remark 4.2 (1) If C = R, it is easy to see that DC-flat modules are just the class
of Ding flat modules, and n-strongly DC-flat modules are precisely the class of n-strong Ding
flat modules. Clearly, every n-strongly DC-flat module is DC-flat and every n-strong Ding flat
module is Ding flat.

(2) We call a 1-strongly DC-flat module a strongly DC-flat module, for simplicity. In particular,
a 1-strongly DR-flat module is called to be a strongly Ding flat module. Clearly, every strongly
DC-flat module is n-strongly DC-flat.

Definition 4.3 An R-module M is said to be n-strongly DC-injective, if there exists an
exact sequence

0 → M → HomR(C, I1) → · · · → HomR(C, In) → M → 0

with each Ii injective for any 1 ≤ i ≤ n such that the sequence is HomR(FIC(R),−)− exact.

It was shown in [28, Proposition 4.9] that if M is an n-strongly Gorenstein flat module, the
M+ is n-strongly Gorenstein injective. Similarly, we have the following

Proposition 4.4 If M is an n-strongly DC-flat module, then M+ is n-strongly DC-
injective.

Proof Suppose that M is n-strongly DC-flat. Then there exists an exact sequence



88 CHINESE QUARTERLY JOURNAL OF MATHEMATICS Vol.33

F =0 → M → C ⊗R Fn→ · · · → C ⊗R F1→ M → 0

with each Fi flat such that F is FIC(R)⊗R− exact, and thus TorR
i≥1(HomR(C, I),M) = 0 for

every FP-injective R-module I. Therefore, we have the following exact sequence

F+= 0 → M+ → HomR(C, F+
1 ) → · · · → HomR(C, F+

n ) → M+ → 0

with each F+
i injective. Moreover, we have the isomorphism

Exti
R(HomR(C, E),M+) ∼= TorR

i (HomR(C,E),M)+ = 0

for any i ≥ 1 by [4, Chapter VI, Proposition 5.1], where HomR(C, E) ∈ FIC(R). This implies
that the exact sequence F+ is HomR(FIC(R),−)− exact, and thus M+ is n-strongly DC-
injective.

Lemma 4.4 Let R be a coherent ring. Then an R-module M is C-FP-injective if and
only if its character module M+ is C-flat.

Proof Assume that M is C-FP-injective. Then we can write M as HomR(C,E) for some
FP-injective R-module E. Since C has a degreewise finite projective resolution and Q/Z is
injective, we have the following

M+ = HomZ
(
HomR(C,E),Q/Z

) ∼= C⊗RHomZ
(
E,Q/Z

)

by the Hom-evaluation isomorphism. Moreover, E+ is a flat module by [5, Theorem 1] since
R is coherent, and hence M+ is C-flat. Conversely, if M+ is C-flat then M+ ∈ BC(R) and
HomR(C, M+) ∼= HomZ(M⊗RC,Q/Z) is a flat R-module by [19, Lemma 5.1(a)]. This implies
that M ⊗R C is a FP-injective module by [5, Theorem 1]. Since M+ ∈ BC(R), we have the
isomorphisms

M+ ∼= C⊗RHomR(C, M+) ∼= C⊗RHomR(M ⊗R C,Q/Z)

∼= HomZ
(
HomR(C,M ⊗R C),Q/Z

)
.

Here the second isomorphism follows from the adjoint isomorphism and the third one is the
Hom-evaluation isomorphism since C has a degreewise finite projective resolution and Q/Z is
injective. This implies that M ∼= HomR(C,M ⊗R C) is C-FP-injective.

The next proposition shows that n-strongly DC-projective modules over coherent rings are
indeed stronger than n-strongly DC-flat modules.

Proposition 4.6 Let R be a coherent ring. Then every n-strongly DC-projective R-
module is n-strongly DC-flat.

Proof Suppose that M is an n-strongly DC-projective R-module. Then there exists an
exact sequence of R-modules

P= 0 → M → C⊗RPn → · · · → C⊗RP1 → M → 0

such that P is HomR(−,FC(R))-exact, where each Pi is projective. For any C-FP-injective
R-module HomR(C, I), we note that HomR(C, I)+ is C-flat by Lemma 4.5. Now applying the
functor HomR

(−,HomR(C, I)+
)

to the exact sequence P, we get the exact sequence
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0 → HomR

(
M, HomR(C, I)+

) → HomR

(
C⊗RP1,HomR(C, I)+

) → · · · →
HomR

(
C ⊗R Pn,HomR(C, I)+

) → HomR

(
M, HomR(C, I)+

) → 0,

which gives the exactness of the sequence

0 →(
HomR(C, I)⊗R M

)+ → (
HomR(C, I)⊗R (C ⊗R P1)

)+ → · · · →(
HomR(C, I)⊗R (C ⊗R Pn)

)+ → (
HomR(C, I)⊗R M

)+ → 0.

This implies that the following sequence

0 → HomR(C, I)⊗R M → HomR(C, I)⊗R (C ⊗R Pn) → · · · → HomR(C, I)⊗R (C ⊗R P1) →
HomR(C, I)⊗R M → 0

is exact. Therefore, M is an n-strongly DC-flat module.

Corollary 4.7 Let R be a coherent ring. Then every n-strongly Ding projective module
is n-strongly Gorenstein flat.

Let R and S be two commutative rings. Recall that a ring homomorphism ϕ : R → S is a
flat ring homomorphism if S is a flat R-module.

Lemma 4.8[25, Theorem 3.4.1] Let C be a semidualizing R-module and let ϕ : R → S be
a ring homomorphism. Then S ∈ AC(R) if and only if S ⊗R C is a semidualizing S-module
with TorR

i (C,S) = 0 for all i ≥ 1.

Lemma 4.9 Let ϕ : R → S be a flat ring homomorphism. If M is FP-injective as an
S-module, then M is FP-injective as an R-module.

Proof Let N be a finitely presented R-module. Then there is an exact sequence 0 → K →
P → N → 0 of R-modules with K finitely generated and P finitely presented projective. Since
ϕ : R → S is a flat ring homomorphism, we have the following exact sequence of S-modules

0 → K ⊗R S → P ⊗R S → N ⊗R S → 0.

It is clear that K ⊗R S is finitely generated and P ⊗R S is finitely generated projective. This
implies that N⊗RS is finitely presented, and thus Ext1S(N⊗RS,M) = 0 since M is FP-injective
as an S-module. Therefore, we have Ext1R(N, M) = 0 by [20, Theorem 11.65]. It follows that
M is an FP-injective R-module, as desired.

Next we investigate the property of n-strongly DC-flat modules under change of rings.

Proposition 4.10 Let ϕ : R → S be a flat ring homomorphism. If M ∈ n-SDFC(R),
then S ⊗R M ∈ n-SDFS⊗RC(S).

Proof Assume that M ∈ n-SDFC(R). Then there exists an exact sequence

F= 0 → M → C⊗RFn → · · · → C⊗RF1 → M → 0

with each Fi flat as R-module such that F is FIC(R) ⊗R − exact. Therefore, we have
TorR

i (HomR(C, I),M) = 0 for every FP-injective R-module I. Since S is a flat R-module,
the complex
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S ⊗R F= 0 → S ⊗R M → S⊗R(C ⊗R Fn) → · · · → S⊗R(C ⊗R F1) → S ⊗R M → 0

is exact, and thus the complex

S⊗RF= 0 → S⊗R M → (S⊗R C)⊗S(S⊗R Fn) → · · · →(S⊗R C)⊗S (S⊗R F1) → S⊗RM → 0

is exact. It is easy to see that every S ⊗R Fi is flat as S-module for each i. Since S ∈ AC(R),
S ⊗R C is a semidualizing S-module by Lemma 4.8. It suffices to show that the complex
Hom(S ⊗R C, E)⊗S(S ⊗R F) is exact for every FP-injective S-module E. In fact, we have

HomS

(
S ⊗R C, E

)⊗S

(
S ⊗R F

)∼= HomR

(
C,HomS(S,E)

)⊗RF

since E ∼=HomS(S,E) and E is an FP-injective S-module, it follows that HomS(S,E) is an
FP-injective R-module by Lemma 4.9. Now the result follows from the above isomorphism,
and hence S ⊗R M ∈ n-SDFS⊗RC(S).

Corollary 4.11 If ϕ : R → S is a flat ring homomorphism, then n-SDFS⊗RC-pdS(S⊗R

M) ≤ n-SDFC-pdR(M).

Proposition 4.12 Let S be a multiplicatively closed set of a ring R. If M is n-strongly
DC-flat, then S−1M is n-strongly DC-flat.

Proof Assume that M is n-strongly DC-flat. Then there exists an exact sequence

F= 0 → M → C⊗RFn → · · · → C⊗RF1 → M → 0

such that F is FIC(R)⊗R − exact, where each Fi is flat. Since S−1R is flat as an R-module,
the following sequence

S−1R⊗RF= 0 → S−1R⊗R M→ S−1R⊗R(C ⊗R Fn) → · · · → S−1R⊗R(C ⊗R F1) →
S−1R⊗R M→ 0

is exact. For each i, we have the isomorphisms S−1R ⊗R (C ⊗R Fi) ∼= C ⊗R S−1R ⊗R Fi
∼=

C ⊗R S−1Fi. Therefore, we have the exact sequence

S−1F= 0 → S−1M→ C ⊗R S−1Fn→ · · · →C ⊗R S−1F1 → S−1M → 0.

Now it suffices to prove that the sequence S−1F is FIC(R) ⊗R − exact. In fact, for every
HomR(C, E) ∈ FIC(R), we have the isomorphisms

HomR(C, E)⊗R S−1F ∼= HomR(C,E)⊗R S−1R⊗RF ∼= HomR(C, E)⊗RF⊗RS−1R,

which implies that S−1F is FIC(R)⊗R − exact. Therefore, S−1M is n-strongly DC-flat.

Corollary 4.13 Let S be a multiplicatively closed set of a ring R. Then

(1) If M is n-strongly Ding flat, then S−1M is n-strongly Ding flat,

(2) If M is strongly Ding flat, then S−1M is strongly Ding flat,

(3) If M is strongly DC-flat, then S−1M is DC-flat.
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