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Abstract: This paper is a study of strongly Ding projective modules with respect to a
semidualizing module. The class of strongly Ding flat modules with respect to a semidualizing
module is also investigated, and the relationship between strongly Ding projective modules
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8§1. Introduction

Throughout, unless otherwise indicated, all rings are commutative rings with identity and
all modules are unitary modules. Auslander and Bridger[1] introduced the G-dimension for
finitely generated modules. Enochs and Jenda defined and studied the Gorenstein projective,
Gorenstein injective[8] and Gorenstein flat modules [10] and developed Gorenstein homological
algebra [9] on modules over a ring R. Various generalizations of these modules are given over
specific rings (see, e.g., [12-14, 17-18, 23, 27, 31-32]). As special cases of Gorenstein projective
and Gorenstein injective modules, strongly Gorenstein flat and Gorenstein FP-injective modules
were studied in [6-7], and later in [11] under different names — the Ding projective and Ding
injective modules. It was shown in [6] that the class of Ding projective modules over coherent
rings are indeed stronger than Gorenstein flat modules. This class of modules can gives some
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new interesting characterizations of rings. For example, it was proved in [6, Proposition 2.15]
that a ring R is right perfect if and only if every flat right R-module is Ding projective.

Recently, Ding projective dimensions and strongly Ding projective modules were further
investigated in [30]. More generally, Ding projective modules and Ding projective dimensions
with respect to a semidualizing module were studied in [29] and [31]. In this paper, we study
the concept of strongly Ding projective modules with respect to a semidualizing module. The
properties of strongly Dc-flat modules under change of rings are also investigated. The paper
is organized as follows. In section 2, we give some notions and definitions which we need in
the later sections. Section 3 is a study of strongly Ding projective modules with respect to a
semidualizing module. The concept of strongly D¢c-projective modules is introduced and some
characterizations of this class of modules are given. Strongly Ding projective modules are a
particular case of strongly Dc-projective modules when C' = R. In Section 4, we study the
properties of strongly Ding flat modules with respect to a semidualizing module. It is proved
that if M is a strongly Dc-flat module, then M is strongly Dc-injective. Some results on
strongly Ding flat modules are obtained as corollaries of these results.

§2. Preliminaries

An R-module M is called FP-injective [21] in case Extg (P, M) = 0 for every finite presented
R-module P. A degreewise finite projective resolution of an R-module M is a projective reso-
lution P of M such that each P; in P is finitely generated projective. A class of modules X is
projectively resolving if it is closed under extensions, kernels of surjections and it contains all
projective modules [17].

Definition 2.1  An R-module C is semidualizing if the following conditions are satisfied:
(1) C admits a degreewise finite projective resolution,

(2) The natural homothety morphism R — Hompg(C,C) is an isomorphism,

(3) Extz'(C,0) = 0.

Two examples of semidualizing modules are the free module of rank 1, and the dualizing
(canonical) module over a Cohen-Macaulay local ring, when it exists.

Definition 2.2  Let C be a semidualizing R-module. Set
Pc(R) ={C ®g P| P is R-projective},
Fo(R) ={C ®pg F| F is R-flat},
Zc(R) = {Homp(C, I)| I is R-injective},
FIc(R)={Hompg(C,E)| E is R-FP-injective}.

Modules in P (R), Feo(R), Zo(R) and FZo(R) are called C-projective, C-flat, C-injective and
C-FP-injective, respectively.

Clearly, if C = R, then Pr(R), Fr(R), Zr(R) and FZr(R) are just the classes of ordinary
projective, flat, injective and FP-injective R-modules, respectively, which are denoted by
F(R),P(R),Z(R) and FZ(R), respectively, for simplicity. By [19, Proposition 5.1], Pc(R) is
closed under direct sums and direct summands, and Z¢(R) is closed under direct products and
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direct summands. Moreover, the classes Pc(R) and F¢(R) are projectively resolving, and the
class Z¢(R) is injectively resolving by [19, Corollary 6.4].

Definition 2.3[6-7- 111 Ap R-module M is called Ding projective if there exists an exact
sequence of projective R-modules

P=... P —-Py—P'—pl ..

with M = Coker (P; — FPp) such that Homg (P, F(R)) is exact. Ding injective module is dually
defined. An R-module N is called Ding flat if there exists an exact sequence of flat R-modules

F=-w o >F—F' > Fl ...

with N = Coker (F; — Fj) such that FZ(R) @ F is exact.

Tt is easy to see that Ding projective (resp., Ding injective) modules are Gorenstein projective
(resp., Gorenstein injective). But Gorenstein injective modules over a Noetherian ring is Ding
injective.

Definition 2.4 Let X be a class of R-modules and M an R-module. Then an X-resolution
of M is a complex of R-modules in X' of the form
Xe=—>X, = —X;—Xg—0
such that Ho(X,)= M and H, (X,)= 0 for all n > 1. Moreover, the exact sequence

X.+:..._>Xn_)..._)X0_>M_>O

is called the augmented X-resolution of M associated to X,.

Given a class X of R-modules and a complex Y, we say Y is Hompg (X, —)-exact if the
complex Hompg(X,Y) is exact for each X € X. Dually, the complex Y is Homp(—, X')-exact
if Homp(Y,X) is exact for each X € X, and Y is — ®p X-exact if Y ®p X is exact for each
X € X. The X-projective dimension of M is defined as

X-pdg (M) = inf{sup {n > 0| X,, # 0}|X, is an X-resolution of M}.

An X-resolution X, of M is proper if the augmented resolution X, " is Hom r(X, —)-exact. The
(proper) X-coresolution and X-injective dimensions can be defined dually. And the X-injective
dimension of M is denoted by X-idg(M).

Note 2.5 Let C be a semidualizing R-module. We use the following abbreviations
Pc-pdr(—)=Pc(R)-pd(-), Fc-pdr(—)=Fc(R)-pd(-)
Over a commutative Noetherian ring R, Foxby [14] studied two subcategories of the category

of R-modules relative to a (semi)dualizing module C, which are the Auslander class Ac(R)
and Bass class Bo(R). In the non-Noetherian setting, these definitions are taken from [19, 26].
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Definition 2.6  The Auslander class A (R) with respect to C' consists of all R-modules
M satisfying: Torgl(C’7 M) = OzEx’cﬁ1 (C,C ®r M), and the natural map pup : M —
Hompg(C,C ®g M) is an isomorphism.

The Bass class of R with respect to C, denoted B¢ (R), consists of all R-modules N sat-
isfying: Ex‘cl%l(C7 N) =0 :Torgl(C, Homeg (C, N)), and the natural evaluation map vy :
C ®r Homg (C, N) — N is an isomorphism.

83. Strongly Ds-projective Modules

In this section, we introduce and study strongly Ding projective modules with respect to a
semidualizing module.

We begin with the following

Definition 3.1 An R-module M is said to be n-strongly Ding projective with respect to
C (or simply n-strongly Dg-projective), if there exists an exact sequence

P=0—-M-—-CQRrP,— - —-CQRQrP —M—0

such that P is Homp(—, Fc(R))-exact, where each P; is projective for all 1 <14 <wn.

If ¢ = R, then we call a n-strongly Dc-projective module a n-strongly Ding projective
module. It is easy to see that every n-strongly Ding projective module is n-strongly Gorenstein
projective [2]. We denote by n-SDP¢(R) the subcategory of n-strongly Dg-projective R-
modules. The subcategory of n-strongly Ding projective modules is denoted by n-SDP(R).

Remark 3.2

(1) We call a 1-strongly Dc-projective module a strongly De-projective module, for simplic-
ity. Clearly, 1-strongly D g-projective modules are precisely the class of strongly Ding projective
modules. Every strongly Ding projective module is strongly Gorenstein projective [3].

(2) Let M be an n-strongly Do-projective module and K; = Ker (C ®g P; — C ®gr Pi—1)
with 1 <i<n (C®gr Py =M). It is easy to see that each K; is n-strongly Dc-projective for
all 4. Similarly, we can easily check that each H; = Im (C ®r P, — C ®g P,_1) is n-strongly
D¢-projective for all 2 < i < n.

Recall that an R-module M is Ding projective with respect to C' (or simply Dg-projective),
if there exists an exact sequence of C-projective R-modules

'—>C®RP1—>C®RP0—>C®RPO—>C®RP1—>~-~

with M = Coker (C ®@r Pi — C ®g P) such that the sequence is Homp(—, Fc(R))-exact.

The next lemma is a corollary of [29, Theorem 2.7], which shows that the class of D¢-
projective modules coincides with the Dgo-projective modules defined in [29].

Lemma 3.3 An R-module M is Dg-projective if and only if there exists a Homg (—, F¢o(R))-
exact exact sequence

P:~--—>D1—>DO—>DO—>D1—>-~-
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such that all D;, D' € Pc(R) UP(R) and M = Coker (Dy — Dy).

The following result gives some equivalent characterizations of n-strongly Dc-projective
modules.

Theorem 3.4 Let M be an R-module. Then the following are equivalent
(1) M is an n-strongly Dc-projective module.

(2) There exists an exact sequence

Qnt1

0—M-"FCorP, % - B Cor P> M—0

with each P; projective such that Extﬁl(M, Fco(R)) = 0.

(3) There exists an exact sequence
0-M-—-C@rP,— - —-CQrPL—-M-—0

with each P; projective such that the sequence is Hompg(—, F')-exact for every module F' with
Feo-pdr (F) < 0.

(4) There exists an exact sequence 0 > M - C®gr P, — -+ —> CQ®r Py — M — 0, where
each P; is projective, and there exists a positive integer k such that

Exth™ (M, C ®r Q)= Extt?(M,CorQ)= - - - = Exth™(M,CorQ) =0

for every C @ Q € Fc(R).

(5) There exists an exact sequence 0 > M - C®gr P, — -+ > C®r P, — M — 0, where
each P; is projective, and there exists a positive integer k such that

Extj (M, N) =Ext};?(M, N) = - - =Ext7""(M,N) = 0

for every module N with Feo-pdg(N) < oc.
Proof (1)< (2) and (3) = (1) are obvious by Definition 3.1.

(1) = (3): Let M be an n-strongly Dc-projective module. Then there exists an exact
sequence

P=0—-M-—-CQRrP,— - —CRrPL—-M—0

such that P is Hompg(—, Fc(R))-exact, where each P; is projective. Let F' be a module and
m > 1 a positive integer such that Fo-pdr(F) = m < oo. Then there is an exact sequence
0—-K—V —>F — 0withV € Fo(R) and Fe-pdr(K) = m — 1. Since every n-strongly
D¢-projective module is Do-projective by Proposition 3.6(3), it follows that Ext%l(M, K) =
0 =Ext%'(M,V) by Lemma 3.3 and [29, Proposition 1.5].

Moreover, since Fo(R) C Be(R) by [19, Corollary 6.1] and Be(R) C Pc(R): by [15,
Corollary 3.2(2)], we have Ext},(C ®r P;, K) = 0 for 1 < ¢ < n by dimension shifting. This
implies that the sequence of complexes
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0 — Hompg (P, K) — Hompg (P ,V) — Hompg (P, F) — 0

is exact. Moreover, since the complexes Hompg(P,K) and Hompg(P,V) are exact by inductive
hypothesis, we conclude that the complex Hompg(P,F') is exact.

(2) & (4). Assume that M is n-strongly Do-projective, then there exists an exact sequence
P=0—-M-—-CQrP,— - —CRrPL—-M-—0

with each P; projective such that ExtZ'(M,Fo(R)) = 0. Since Fo(R) € Be(R) by [19,
Corollary 6.1] and Bo(R) € Po(R)* [15, Corollary 3.2(2)] by dimension shifting, we have the
isomorphism

Ext%(M,C ®r Q) 2 Ext);™(M,C @r Q)

for all k > 1, where @ is a flat R-module. Therefore, if the n successive terms of Ext}, (M, C ®r
Q) is zero, then we have Exth(M,C @ Q) = 0 with @ an flat R-module and k > 1.

(3) < (5). The proof is similar to that of (2) < (4).

Corollary 3.5[30, Theorem 3.2] Tt L be an R-module. Then the following are equivalent

(1) M is strongly Ding projective.

(2) There exists an exact sequence 0 — M — P — M — 0 with P projective such that
Extz' (M, F(R)) = 0.

(3) There exists an exact sequence 0 — M — P — M — 0 with P projective such that the
short sequence 0 — Hompg (M, F) — Hompg(P, F) — Hompg(M, F) — 0 is exact for every flat
R-module F.

(4) There exists an exact sequence 0 — M — P — M — 0 with P projective such that
the short sequence 0 — Homp(M, F') — Homp(P, F) — Homgr(M, F) — 0 is exact for every
R-module F' with finite flat dimension.

The next proposition reveals the relations between strongly Do-projective module, n-strongly
Dc-projective modules and De-projective modules.

Proposition 3.6 Let n and m be two positive integers. Then the following statements
hold

(1) Every strongly Dc-projective module is n-strongly De-projective.

(2) If m = kn, then every n-strongly Dc-projective module is m-strongly De-projective.

(3) Every n-strongly D¢-projective module is Do-projective.

(4) For any n > 1, the class n-SDP¢(R) is closed under direct sums.

(5) If M is n-strongly Dc-projective and K; = Ker(C @ P,— C ®pr P;—1) with 1 <i <n
(put M = C ®@g Pp), then é K; is strongly Dc-projective.

1=
Propostition 3.6 Let R be a coherent ring. Then an R-module M is D¢-projective if
and only if it is a direct summand of a strongly Dc-projective module.
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Proof The proof is similar to that of [3, Theorem 2.7].
Lemma 3.8 Let m and n be two positive integers. Then we have
(1) If m = kn, then m-SDPc(R) () n-SDPc(R) = n-SDPc(R),

(2) If m = kn+i with k a positive integer and 0 < 7 < n, then m-SDP¢(R) (\ n-SDPc(R) C
i-SDPc(R).

Proof (1) follows directly from Proposition 3.6.

(2) The proof is a modification of that of [28, Proposition 3.4]. Note that m-SDPc(R) ()
n-SDPc(R) € m-SDPc(R) () kn-SDPc(R) by Proposition 3.6. Let M € m-SDPc(R)()
kn-SDPc(R). Then there exists an exact sequence P=0— M — CQrP,, — -+ 2CQrP; —
M — 0 such that P is Homp(—, Fc(R))-exact, where each P; is projective. Let H; =
Ker(Co®rP;, — C®rPi_1) for 2 < ¢ < m . Since M € kn-SDPc(R) and Pc(R) is closed
under direct sums, there exist C ®g Pand C® R P with P and P projective such that

0 0
| .
C®rP —— C®gP
| |
0 Hipnia X —— M@®(C®rP) —— 0
| |
0 Hipn C g Pouy1 — Hy., — 0
| |
0 0

Since C @z P, C@r P € Pc(R) and Pe(R) is closed under extensions by [19, Proposition 5.2],
we have X € Po(R). Cousider the following pullback diagram

0

!
0 Hppia Y R — M — 0
0 Him1 X — MPC®rP) —> 0

CQrP —— CQgrP

|

0

T
l
l !
L

Because X € Pc(R) and Pe(R) is projectively resolving by [19, Corollary 6.4], we have Y €
Pc(R). Now combining the sequence P and the first row in the above diagram, we obtain the
following exact sequence:

0-M-—->CQrP,——=CRRgPipya—Y > M—0,
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which is Hompg(—, Fo(R))-exact. This implies that M is i-strongly Do-projective. Therefore,
m-SDPc(R) [ n-SDPc(R) C i-SDPc(R).

Proposition 3.9 m-SDPc(R)() n-SDPc(R) = (m,n)-SDPc(R), where (m,n) is the
greatest common divisor of m and n.

Proof The implication (m,n)-SDPc(R) C m-SDPc(R) () n-SDPc(R) is obvious by
Proposition 3.6(2). It suffices to prove the converse inclusion. If m = ngy + ro with 0 < ro < n,
then m-SDP¢(R) (| n-SDPc(R) C 19-SDPc(R) by Lemma 3.8. If n = rog1 + 71 with 0 <
r1 < 19, then rg-SDPc(R) () n-SDPc(R) C r1-SDPc(R) again by Lemma 3.8. Therefore,
m-SDPc(R) [ n-SDPc(R) C r1-SDP(R). Continuing this process after finite steps, there
is a positive integer s with rs_1; = (m,n)gsy1 such that m-SDP¢c(R) (| n-SDPc(R) = (m,n)-
SDPc(R).

Theorem 3.10 Let M be an R-module and n > 1. Then the following statements are
equivalent

(1) M is an n-strongly Dc-projective module.

(2) There exists an exact sequence 0 —> M o Qr P, S 20 QR Plal—> M

n
—> 0 of R-modules with each P; projective for any 1 < i < n, such that @ Kerq; is strongly
i=1
Dc-projective.

(3) There exists an exact sequence 0 — M T C@rP > B CRr P> M

n
—> 0 of R-modules with each P; projective for any 1 < i < n, such that € Kera; is D¢-
i=1
projective.

. Qp41 Qp [} aq
ere exiIsts an exact sequence —— — I, — " — 1] —> —_— [¢) -
(4) Th t t 0 M H H M 0 of R

n
modules with Pe-pdg(H;) < oo for any 1 < i < n, such that @ Kerqy is strongly De-projective.
i=1

(5) There exists an exact sequence 0 — M U H, S g Y M —>0 of R-

modules with Pe-pdg(H;) < oo for any 1 < i < n, such that € Kera; is Do-projective.
i=1
Proof (1) = (2) follows from Proposition 3.6(5). (2) = (3) = (5) and (2) = (4) = (5)
are trivial by Proposition 3.6. It suffices to prove (5) = (1). Suppose that there exists an exact
sequence

Qn 41 « o a1
0—M—>H, > —>H —> M—>0

n
of R-modules with Po-pdr(H;) < oo for any 1 < i < n, such that € Kerq; is Do-projective.
i=1
For each 1 < i < n, we have the exact sequence 0 — Keray —H; — Kera;_; — 0. Since
n
P Kerq; is De-projective, it follows that each Kero; is De-projective by Lemma 3.3 and [29,

i=1
Theorem 1.12]. Therefore, each H; is De-projective for all ¢ by Lemma 3.3 and [29, Proposition
1.10]. For each 4, there exists an exact sequence of R-modules
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such that P is projective and Pe — pdg(N;) < co. This implies that the above sequence is split
by [29, Proposition 1.5], and thus each H; is C-projective. In particular, M is D¢-projective
by [29, Proposition 1.8 and Theorem 1.12]. Therefore, we have Ext3' (M, Fc(R)) = 0 by [29,
Proposition 1.4]. This implies that M is n-strongly D¢c-projective by Theorem 3.4.

84. Strongly Dc-flat Modules

Recall that an R-module M is n-strongly Gorenstein flat [28], if there exists an exact se-
quence 0 - M — F,, — .-+ — F; — M — 0 with each F; flat such that I ® g — leaves the
sequence exact whenever I is an injective R-module.

More generally, we give the following
Definition 4.1 An R-module M is said to be an n-strongly Dg-flat module, if there
exists an exact sequence

0—-M-—-CRrF,— - —C@rFi—-M—0

with each F; flat for any 1 <14 < n, such that the sequence is FZ(R) @ g —exact.

We denote by n-SDF ¢ (R) the subcategory of n-strongly De-flat R-modules relative to the
semidualizing module C. Recall that an R-module M is called Dc-flat, if there exists an exact
sequence of C-flat R-modules

-—=CQ®rFy —>C®RF0—>C®RFO—>O®RF1 — e
with M = Coker(C®grF; — C ®g Fp) such that the sequence is FZo(R)®r— exact, where all

F;, F' are flat R-modules.

Remark 4.2 (1) If C = R, it is easy to see that Dg-flat modules are just the class
of Ding flat modules, and n-strongly Ds-flat modules are precisely the class of n-strong Ding
flat modules. Clearly, every n-strongly Do-flat module is De-flat and every n-strong Ding flat
module is Ding flat.

(2) We call a 1-strongly Dc-flat module a strongly De-flat module, for simplicity. In particular,
a 1-strongly Dpg-flat module is called to be a strongly Ding flat module. Clearly, every strongly
D¢-flat module is n-strongly Dc-flat.

Definition 4.3 An R-module M is said to be n-strongly D¢-injective, if there exists an
exact sequence

0 - M — Hompg(C,I;) = -+ — Homg(C,I,) = M — 0

with each I; injective for any 1 < ¢ < n such that the sequence is Homg(FZc(R), —)— exact.

It was shown in [28, Proposition 4.9] that if M is an n-strongly Gorenstein flat module, the
M is n-strongly Gorenstein injective. Similarly, we have the following

Proposition 4.4 If M is an n-strongly Dc-flat module, then M is n-strongly Dc-
injective.

Proof Suppose that M is n-strongly Dc-flat. Then there exists an exact sequence
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F=0—-M—-CQrlFy— - —-CRrF1—M—0

with each F; flat such that F is FZo(R)®g— exact, and thus Torf, (Homg(C,I), M) = 0 for
every FP-injective R-module I. Therefore, we have the following exact sequence

Ft=0— M+ — Homg(C,F}t) — -+ — Homg(C,Ff) - M+ —0
with each F;r injective. Moreover, we have the isomorphism
Ext%, (Homp(C, E), M) = Tor?(Homg(C, E), M)" =0

for any ¢ > 1 by [4, Chapter VI, Proposition 5.1], where Homp(C, E) € FZc(R). This implies
that the exact sequence F*+ is Homg(FZc(R), —)— exact, and thus M™* is n-strongly Dc-
injective.

Lemma 4.4 Let R be a coherent ring. Then an R-module M is C-FP-injective if and
only if its character module M is C-flat.

Proof Assume that M is C-FP-injective. Then we can write M as Hompg(C, E) for some
FP-injective R-module E. Since C has a degreewise finite projective resolution and Q/Z is
injective, we have the following

Mt = HomZ(HomR(C’7 E), Q/Z) = (C®RH0mZ(E, Q/Z)

by the Hom-evaluation isomorphism. Moreover, E* is a flat module by [5, Theorem 1] since
R is coherent, and hence M+ is C-flat. Conversely, if M is C-flat then M+ € Bo(R) and
Hompg(C, M*) = Homz(M®rC, Q/Z) is a flat R-module by [19, Lemma 5.1(a)]. This implies
that M ®g C is a FP-injective module by [5, Theorem 1]. Since M € Bc(R), we have the
isomorphisms

M = C@rHomp(C,M™) = C@rHomgr(M ®r C,Q/Z)
= Homyz (Homp(C, M @5 C),Q/Z).

Here the second isomorphism follows from the adjoint isomorphism and the third one is the
Hom-evaluation isomorphism since C' has a degreewise finite projective resolution and Q/Z is
injective. This implies that M = Hompg(C, M ®f C) is C-FP-injective.

The next proposition shows that n-strongly Dg-projective modules over coherent rings are
indeed stronger than n-strongly Dc-flat modules.

Proposition 4.6 Let R be a coherent ring. Then every n-strongly Dc-projective R-
module is n-strongly D¢-flat.

Proof Suppose that M is an n-strongly Dg-projective R-module. Then there exists an
exact sequence of R-modules

P=0— M — CRrP, — -+ —CrP, > M — 0

such that P is Hompg(—, F¢(R))-exact, where each P; is projective. For any C-FP-injective
R-module Hompg(C, I), we note that Hompg(C, I)t is C-flat by Lemma 4.5. Now applying the
functor HomR(—, Hompg(C, I )+) to the exact sequence P, we get the exact sequence
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0— HomR(M7 Hompg(C, I)+) — HomR(C®RP1, Hompg(C, I)‘*‘)
HomR(C ®p P, Hompg(C, I)+) — HomR(M, Hompg(C, I)‘*‘) — 0,

which gives the exactness of the sequence

0 _’(HomR(C, I)®g ]\4)Jr — (HomR(C,I) ®r (C®g Pl))Jr — e —
(Homp(C, ) @ (C ®r P,)) " — (Homg(C,I) @z M)" — 0.

This implies that the following sequence

0— HOHIR(C7I) RKr M — HOHIR(C,I) (2903 (C [29) 3 Pn) — s = HOII’IR(C,I) XRr (C XRnr Pl) —
Homp(C,I) @p M — 0

is exact. Therefore, M is an n-strongly Dc-flat module.

Corollary 4.7 Let R be a coherent ring. Then every n-strongly Ding projective module
is n-strongly Gorenstein flat.

Let R and S be two commutative rings. Recall that a ring homomorphism ¢ : R — S is a
flat ring homomorphism if S is a flat R-module.

Lemma 4.8[25, Theorem 3.41] Tt (' he a semidualizing R-module and let ¢ : R — S be
a ring homomorphism. Then S € A¢(R) if and only if S ®z C is a semidualizing S-module
with Torf(C,S) =0 for all i > 1.

Lemma 4.9 Let ¢ : R — S be a flat ring homomorphism. If M is FP-injective as an
S-module, then M is FP-injective as an R-module.

Proof Let N be a finitely presented R-module. Then there is an exact sequence 0 — K —
P — N — 0 of R-modules with K finitely generated and P finitely presented projective. Since
¢ : R — S is a flat ring homomorphism, we have the following exact sequence of S-modules

0—-K®rS—PRrS— N®rS—0.

It is clear that K ®pg S is finitely generated and P ®p S is finitely generated projective. This
implies that N®@p S is finitely presented, and thus Ext§(N®gS, M) = 0 since M is FP-injective
as an S-module. Therefore, we have Exth (N, M) = 0 by [20, Theorem 11.65]. It follows that
M is an FP-injective R-module, as desired.

Next we investigate the property of n-strongly Do-flat modules under change of rings.

Proposition 4.10 Let ¢ : R — S be a flat ring homomorphism. If M € n-SDF¢(R),
then S ®@p M € n-SDF sg,c(5).

Proof Assume that M € n-SDF¢(R). Then there exists an exact sequence
F=0—-M — CQRrF,, - -+ —CQrF1 — M — 0
with each F; flat as R-module such that F is FZc(R) g — exact. Therefore, we have

Torf*(Hompg(C,I), M) = 0 for every FP-injective R-module I. Since S is a flat R-module,
the complex
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S@rF=0—SOrM — S®r(CQr F,) = -+ — SQr(C®R F1) = S®r M — 0
is exact, and thus the complex
SRrF=0— SRrM — (SRrC)Rs(S®@rF,) — -+ =(SOrC)Rs (S®@rF1) — S®rM — 0

is exact. It is easy to see that every S ®g F; is flat as S-module for each i. Since S € Ac(R),
S ®gr C is a semidualizing S-module by Lemma 4.8. It suffices to show that the complex
Hom(S ®g C, E)®s(S ®r F) is exact for every FP-injective S-module E. In fact, we have

HOmS(S ®Qr C, E) (s (S Qr f)g HOmR(C, Homg (S, E'))@R]:

since £ 2Homg(S, E) and E is an FP-injective S-module, it follows that Homg(S, E) is an
FP-injective R-module by Lemma 4.9. Now the result follows from the above isomorphism,
and hence S ®@p M € n-SDFsg,c(5).

Corollary 4.11 If ¢ : R — S is a flat ring homomorphism, then n-SDF sg ,c-pds(S @r
M) S ’I”L—S'ch—de(M).

Proposition 4.12  Let S be a multiplicatively closed set of a ring R. If M is n-strongly
D¢-flat, then S™'M is n-strongly Do-flat.

Proof Assume that M is n-strongly Dgo-flat. Then there exists an exact sequence
F=0—- M — CQRrF,, —» -+ —CQrF1 — M — 0

such that F is FZc(R) ®g — exact, where each Fj is flat. Since S™!R is flat as an R-module,
the following sequence

STIR@prF=0— S 'R@p M— S_1R®R(C QrFp) — - — S_1R®R(C ®pr F1) —
ST'RRrM—0

is exact. For each i, we have the isomorphisms S™!R ®p (C ®r F;) =2 C ®r ST'R Qg F; =
C ®r S~'F;. Therefore, we have the exact sequence

STIF=0—8"'M— C®rS™'F,— - —»C®p S™'F — S'M — 0.

Now it suffices to prove that the sequence S™'F is FZ¢(R) @ — exact. In fact, for every
Hompg(C, E) € FZc(R), we have the isomorphisms

HOHIR(C, E) Rr S1F ~ HOHIR(C'7 E) [59)3 S_1R®R]: = HOHIR(CV7 E)@R]:Q@RS_lR,

which implies that S~1F is FZ¢(R) ®g — exact. Therefore, S~™1M is n-strongly Dc-flat.
Corollary 4.13 Let S be a multiplicatively closed set of a ring R. Then
(1) If M is n-strongly Ding flat, then S~'M is n-strongly Ding flat,
(2) If M is strongly Ding flat, then S~'M is strongly Ding flat,
(3) If M is strongly Dco-flat, then S~ M is Do-flat.



No.1 ZHAO Liang: Strongly Ding projective modules with respect - - - 91

Acknowledgments

The author wishes to express his sincere thanks to the referee for the helpful comments and

suggestions.
[References]

[1] AUSLANDER M, BRIDGER M. Stable module theory[M]. Mem. Amer. Math. Soc., Vol. 94, Amer. Math.
Soc., Providence, RI, 1969.

[2] BENNIS D, MAHDOU N. A generalization of strongly Gorenstein projective modules[J]. J. Algebra Appl.,
2009, 8(2): 219-227.

[3] BENNIS D, MAHDOU N. Strongly Gorenstein projective, injective and flat modules[J]. J. Algebra Appl.,
2007, 210: 437-445.

[4] CARTAN H, EILENBER S. Homological algebra[M]. Princeton University Press, 1956.

[5] CHEATHAM T J, STONE D R. Flat and projective character modules[J]. Proc. Amer. Math. Soc., 1981,
81: 175-177.

[6] DING Nan-qin, LI Yuan-lin, MAO Li-xin. Strongly Gorenstein flat modules[J]. J. Aust. Math. Soc., 2009,
86(3): 323-338.

[7] DING Nan-qin, MAO Li-xin. Goresntein FP-injective and Gorenstein flat modules[J]. J. Algebra Appl.,
2008, 7(4): 491-506.

[8] ENOCHS E E, JENDA O M G. Gorenstein injective and projective modules[J]. Math. Z., 1995, 220:
611-633.

[9] ENOCHS E E, JENDA O M G. Relative homological algebra[M]. Walter de Gruyter, Berlin, 2000.

[10] ENOCHS E E, JENDA O M G, TORRECILLAS B. Gorenstein flat modules[J]. Nanjing Daxue Xuebao
(Shuxue Bannian Kan), 1993, 10: 1-9.

[11] GILLESPIE J. Model structures on modules over Ding-Chen rings[J]. Homology, Homotopy Appl., 2010,
12(1): 61-73.

[12] CHRISTENSEN L W. Gorenstein dimensions, Springer, Berlin, 2000.

[13] CHRISTENSEN L W, FRANKILDA, HOLM H. On Gorenstein projective, injective and flat dimensions-A
functorial description with applications[J]. J. Algebra, 2006, 302: 231-279.

[14] FOXBY H B. Gorenstein modules and related modules[J]. Math. Scand., 1972, 31: 267-284.

15 u-xian, an-qin. -Gorenstein modules|J. J. Algebra, 2011, 325: 132-146.
GENG Y3 DING N W-G dules[J. J. Algeb 4

[16] GOLOD E S. G-dimension and generalized perfect ideas[J]. Algebraic geometry and its applications, Trudy
Mat. Inst. Steklov, 1984, 165: 62-66 (in Russian).

[17] HOLM H. Gorenstein homological dimension[J]. J. Pure Appl. Algebra, 2004, 189(1-3): 167-193.

[18] HOLM H, JO RGENSEN P. Semi-dualizing modules and related Gorenstein homological dimension[J]. J.
Pure Appl. Algebra, 2006, 205(2): 423-445.

[19] HOLM H, WHITE D. Foxby equivalence over associative rings[J]. J. Math. Kyoto Univ., 2007, 47(4):
781-808.

20 T . An introduction to homological algebra|M]|. Academic Press, New York, 1979.
ROTMAN J J. A d h, 1 1 algebra[M]. Acad P New York

21] STENRSTROM B. Coherent rings and FP-injective modules[J]. J. London Math. Soc., 1970, 2: 323-329.

g ]
[22] VASCONCELOS W V. Divisor theory in module categories[M]. North-Holland Publishing Co., Amsterdam,

1974.



92

CHINESE QUARTERLY JOURNAL OF MATHEMATICS Vol.33

(23]

24]

[25]
[26]

27]

WAGSTAFF S S, SHARIF T, WHITE D. Tate cohomology with respect to semidualizing modules[J]. J.
Algebra, 2010, 324: 2336-2368.

WAGSTAFF S S, SHARIF T, WHITE D. Stability of Gorenstein categories[J]. J. London Math. Soc., 2008,
77(2): 481-502.

WAGSTAFF S S. Semidualizing modules, http://www.ndsu.edu/pubweb/~ ssatherw/.

WHITE D. Gorenstein homological dimension with respect to a semidualizing module[J]. J. Commut. Al-
gebra, 2010, 2(1): 111-137.

YANG Xiao-yan. n-strongly Gorenstein Projective and Injective and Flat Modules[J]. Chin. Quart. J. of
Math., 2014, 29(4): 553-564.

ZHAO Guo-giang, HUANG Zhao-yong. n-strongly Gorenstein projective, injective and flat modules[J].
Comm. Algebra, 2011, 39: 3044-3062.

ZHANG Chun-xia, WANG Li-ming, LIU Zhong-kui. Ding projective modules with respect to a semidualizing
module[J]. Bull. Korean Math. Soc., 2014, 51(2): 339-356.

ZHANG Chun-xia, WANG Li-ming. Strongly Gorenstein flat dimensions[J]. J. Math. Res. Exposition,
2011, 31(6): 977-988.

ZHAO Liang, ZHOU Yi-qiang. Dc¢-projective dimensions, Foxby equivalence and SD¢-projective mod-
ules[J]. J. Algebra Appl., 2016, 15(6): 1650111 (23 pages).

ZHAO Liang, WEI Jia-qun, HU Jiang-sheng. Weak Gorenstein cotorsion modules. Algebra Colloq., to
appear.



